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Abstract

Transformer architectures dominate spatiotemporal modeling, from image recogni-1

tion to video generation and weather forecasting, exhibiting striking in-context2

learning (ICL) capabilities when trained autoregressively. Recent theoretical work3

explains these capabilities through mechanistic constructions like induction heads,4

but is largely confined to 1D token sequences, leaving the spatial generalization of5

ICL poorly understood. We study spatial in-context learning in the setting of cellu-6

lar automata: given a spatiotemporal trajectory of an unknown local rule, presented7

as a flattened 1D token sequence, the model must infer and apply the rule without8

any explicit description. We formalize spatial induction heads, two-layer atten-9

tion circuits that solve this task by decoupling spatial neighborhood routing from10

content-based retrieval. Theoretically, we introduce multi-peaked spatial-aware11

embeddings to prove that the required representation dimension is independent of12

the total grid size, and we characterize a fundamental routing-decoding tradeoff:13

concentrating routing into fewer attention heads shifts the decoding burden onto14

the Layer 1 MLP, whose hidden width must scale exponentially with cells routed15

per head. Empirically, under a strict out-of-sample evaluation, we show that SGD16

with standard learned positional embeddings naturally converges to this predicted17

circuit, achieving near-perfect generalization to unseen rules across 1D elementary18

cellular automata, 2D Von Neumann neighborhoods, and expanded state spaces.19

1 Introduction20

Transformer architectures increasingly dominate spatiotemporal modeling [12, 5, 3], despite a21

purported lack of relevant inductive bias for these domains. Concurrently, large language models22

(LLMs) based on the same architecture exhibit striking emergent capabilities at scale, including23

multi-step reasoning, code synthesis, and few-shot generalization to unseen tasks [34].24

Many of these capabilities are understood as instances of in-context learning (ICL), where model25

predictions adapt based on input context examples without parameter updates [6]. Empirical studies26

further show ICL reliably emerges in small transformers trained on synthetic tasks like linear27

regression and function class learning [17].28

Currently, our understanding of how and why ICL emerges in trained Transformers focuses on29

language modeling. Theoretical foundations have been established through studying ICL in synthetic30

data modeled after language. A notable line of work by [4, 26, 28, 14, 13] examines statistical31

induction heads for predicting the next element of sequences generated by k-order Markov chains,32

where a sequence’s transition probabilities govern element likelihoods based only on the preceding k33

elements.34

Mechanistic interpretability researchers first used induction heads to better understand the inner35

workings of LLMs [16, 27]. Empirical interpretability work in spatiotemporal domains remains36
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limited . A notable exception is self-supervised Vision Transformers like DINO [8], which develop37

attention heads acting as zero-shot object segmenters, while ViT circuit analyses trace how local38

patch features combine into global representations [38]. Yet no analogous mechanistic account39

exists for the sequential-to-spatial routing required when a standard Transformer processes flattened40

spatiotemporal data, and the theoretical foundations for spatiotemporal ICL are entirely absent.41

We aim to bridge this gap by studying Transformers’ ICL abilities on synthetic spatio-temporal data42

from cellular automata. A cellular automaton consists of a discrete grid of finite-state cells, evolving43

synchronously via fixed local rules applied to immediate spatial neighbors [35]. Cellular automata44

are an intriguing ICL testbed because they contain sequential and spatial regularities; their simple45

local rules can create complex, chaotic patterns [20] and serve as structured synthetic pretraining data46

[40]. These spatiotemporal dependencies, where each cell’s next state is a deterministic function47

of fixed neighbors, suggest induction-like pattern matching. Yet, no prior work has demonstrated48

Transformers implementing this mechanism for spatial data, nor characterized the architectural49

requirements to do so.50

We address this gap using cellular automata as a testbed to study how Transformers perform ICL on51

spatially structured data. Our contributions are:52

1. We introduce spatial induction heads, two-layer attention circuits decoupling spatial neigh-53

borhood routing from content-based retrieval, and prove that they implement the optimal54

learning algorithm with a representation dimension strictly independent of total grid size,55

depending only on the dynamical rule’s local parameters (Section 4).56

2. We identify a routing-decoding tradeoff unique to the spatial setting: concentrating neighbor-57

hood routing into fewer Layer 1 heads reduces the positional embedding cost but requires58

an exponentially wider MLP to decode the compressed superposition (Section 4).59

3. We show standard Transformers with learned positional embeddings trained via gradient60

descent naturally converge to the predicted spatial induction head circuit, achieving perfect61

sequence accuracy on 1D elementary cellular automata and extending to 2D neighborhoods62

and larger state spaces (Section 5).63

2 Related work64

Transformers for automata. Several works empirically study Transformers using discrete automata.65

Vafa et al. [31] use deterministic finite automata to diagnose limitations of large Transformers on66

real data. Closer to our setting, others train smaller Transformers on synthetic cellular automata data67

[21, 2, 7]. Only Burtsev [7] frames this as in-context generalization to unseen rules; Liu et al. [21]68

train per-automaton and Berkovich et al. [2] explicitly prompt the rule, with none achieving perfect69

sequence-level accuracy. Beyond automata, Liu et al. [22] demonstrate that pretrained LLMs perform70

ICL on discretized chaotic dynamical systems (e.g., logistic maps), and Dai et al. [11] show similar71

capabilities for hidden Markov processes.72

Markov chain ICL theory. Cellular automata and dynamical systems exhibit the Markov property,73

where the next element depends only on the preceding one. Markov chains are a natural setting for74

studying such behavior, and k-order Markov chains generalize the setting to a dependence on a finite75

history of length k. Several theoretical works [4, 24, 23, 26, 28] explain how Transformers achieve76

optimal ICL on such data via statistical induction heads [13]. Notably, Ekbote et al. [14] introduce77

the first two-layer k-order induction head. Similarly, our spatial induction head attends to k previous78

tokens, but at arbitrary offsets which result from spatial unrolling. Moreover, we target deterministic79

rather than statistical prediction, similar to previous copying tasks [19].80

Interpretability. Induction heads originate from work on the mechanistic interpretability of language81

models [27, 16, 10]. In spatiotemporal contexts, DINO [8] yields interpretable attention maps serving82

as zero-shot segmenters, while recent ViT research examines feature entanglement and local patches’83

causal influence on the global CLS token [38, 32]. However, these works do not connect directly to84

ICL or induction heads.85

Other ICL theory. An additional line of theoretical work explains ICL through Transformers’ ability86

to implement more general learning (optimization) algorithms like gradient descent [33, 39, 1, 18].87

Rather than discrete sequences, these studies often consider supervised pairs (x, y) where only y88

(and not x) is predicted. Somewhat more closely related, Cole et al. [9] use the same machinery to89
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study ICL for linear dynamical systems. While closer in principle to spatiotemporal data, this work90

treats states as generic vectors and do not model any spatial structure. Furthermore, these studies91

focus on optimization algorithms rather than circuit-level mechanisms like induction heads.92

3 Formulating spatial in-context learning93

Standard in-context learning (ICL) analyses consider one dimensional sequences. In these settings,94

positional proximity determines relevance, e.g. the preceeding k tokens determine the next one. To95

establish ICL mechanisms for spatial reasoning in multiple dimensions, we formulate the prediction96

of discrete local dynamical systems, also known as cellular automata, as an autoregressive sequence97

modeling task.98

3.1 Local dynamical systems on spatial grids99

We define our environment over a d-dimensional discrete grid G = ZW1
× · · · × ZWd

with periodic100

boundary conditions, yielding a total grid volume V =
∏d

m=1 Wm. Let i = (i1, . . . , id) ∈ G101

denote the spatial coordinate of a cell. At any time step t, each cell takes a state xt,i ∈ S, where102

S = {0, 1, . . . , N−1} is a discrete state space of cardinality N = |S|. For a comprehensive reference103

of all spatial grid and architectural notation used throughout this paper, please see Appendix A.104

Definition 3.1 (Local dynamical rule). A local dynamical rule is a deterministic, time-invariant map105

f : Sk → S governing the temporal evolution of the grid via xt+1,i = f(Nt,i) where Nt,i denotes106

the neighborhood configuration of cell i at time t. This neighborhood is formally defined by k distinct107

relative spatial offset vectors N = (δ1, . . . , δk), yielding:108

Nt,i = (xt,i+δ1
, . . . , xt,i+δk

) ∈ Sk (1)

This framework captures standard grid-based topologies. For the classical one dimensional elementary109

cellular automata (ECA) setting, d = 1, V = 2, and k = 3 with offsets {−1, 0, 1}, learning to the110

256 Wolfram rules [36]. Conway’s Game of Life [? ] is a setting with d = 2, V = 2, and k = 8 with111

offsets .112

This formulation yields V k possible neighborhood configurations and a hypothesis space of V (V k)113

distinct rules. For simplicity in our analysis, we frequently consider the isotropic case where all114

dimensions share a uniform width Wm = W , yielding a total grid volume L = W d.115

3.2 Sequence tokenization and the ICL objective116

To evaluate inductive, out-of-sample generalization, that is, whether the model performs genuine117

in-context rule inference rather than memorization, our goal is to train a causal transformer to predict118

the grid’s evolution under an unknown rule f . Each trajectory of T time steps is flattened in row-major119

order into a 1D sequence, delimited exclusively by temporal separator tokens [SEP]:120

x0,0, . . . , x0,L−1︸ ︷︷ ︸
step 0

, [SEP], x1,0, . . . , x1,L−1︸ ︷︷ ︸
step 1

, [SEP], . . . [SEP], xT−1,0, . . . , xT−1,L−1︸ ︷︷ ︸
step T−1

(2)

Under standard causal masking, a context token (t′, i′) is visible from a query token (t, i) only if121

it precedes it in the flattened sequence (t′ < t or t′ = t and i′ ≤ i). This row-major flattening122

causes adjacent physical neighbors to become drastically separated in sequence space (by distances123

of O(Wm−1)) . Because intra-step tokens carry no predictive information, the model must learn to124

route attention to the scattered spatial neighbors at the preceding time step t− 1.125

Given a context window large enough to contain all V k possible neighborhood configurations, it126

is possible to achieve 100% predictive accuracy. In Appendix B, we formalize this by defining an127

optimal lookup-table learning algorithm.128

The spatial addressing challenge. Our goal is to answer the question: can Transformers trained129

only on next token prediction recover the optimal learning algorithm? By flattening the grid into a130

one dimensional sequence, we break the spatial adjacency of cells. To predict xt+1,i, the model must131
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locate and route the k neighbor states from the preceding time step, which may be scattered across the132

sequence, assemble the neighborhood configuration, and perform content-based retrieval across the133

context to deduce f . A naive approach using Relative Positional Encodings (RPE) requires O(T · L)134

learned bias parameters and directly encodes the grid topology into the architecture (formalized in135

Appendix C.2). A central question, which we address in Section 4, is whether spatial addressing can136

be achieved with a positional embedding dimension independent of the grid volume.137

4 Mechanistic constructions for spatial routing138

Induction heads [27] are two-layer attention circuits: the first layer identifies relevant historical139

context, and the second layer retrieves the associated completion. Existing constructions apply140

to one dimensional sequences; in-context learning of multidimensional local dynamical systems141

demands a substantially more complex routing mechanism, as the first layer must now gather a k-cell142

neighborhood at arbitrary spatial offsets. We focus on architectures of depth two or greater, since143

1-layer transformers cannot perform exact spatial ICL in general (Appendix C.1).144

We introduce spatial induction heads, a specialized two-layer circuit that solves the in-context learning145

task for spatial dynamics. The architecture decomposes into:146

Layer 1 (spatial addressing): Instead of attending to directly preceding tokens, Layer 1 attends to147

the k-cell spatial neighborhood at the preceding time step, encoding the local configuration into the148

residual stream.149

Layer 2 (pattern matching): Layer 2 identifies historical context positions sharing that exact150

decoded neighborhood configuration and copies the corresponding deterministic output value.151

Below, we provide constructive proofs demonstrating how transformers can mathematically realize152

this circuitry. While our constructions use specialized spatial-aware embeddings, our empirical153

experiments demonstrate that standard transformers with learned positional embeddings converge to154

these optimal mechanisms via gradient descent.155

Architectural notation. We use a residual stream of dimension D partitioned into functional sub-156

blocks denoted Bn . Let ΠBn
denote the orthogonal projection matrix onto that subspace. We use157

superscripts (l) ∈ {1, 2} to denote the transformer layer index. For example, W (1)
Q ,W

(1)
K , and W

(1)
V158

denote the query, key, and value projection matrices of Layer 1. Subscripts denote the sequence159

position, such that h(l)
t,i represents the hidden representation of the cell at spatial coordinate i and time160

t after processing by layer l. The Layer 1 feed-forward network is a 2-layer ReLU MLP of hidden161

dimension 4hV m162

Let N = (δ1, . . . , δk) be the tuple of k relative spatial offsets defining the local dynamical rule.163

Let ê denote the unit spatial shift corresponding to a +1 sequence advancement in row-major order.164

To correctly align the autoregressive generation objective while permitting rigorous set operations,165

we define the Key neighborhood set as NK = {δ1, . . . , δk} and the Query neighborhood set as166

NQ = {δ + ê | δ ∈ NK}. When evaluated at a specific sequence token at time t and spatial167

coordinate i, we denote the instantiated neighborhood state configurations as NQ,t,i and NK,t,i168

respectively. This distinction is necessary due to the causal language modeling objective: the token at169

sequence position (t, i) is tasked with predicting the state of the next cell, (t, i+ ê). To execute this170

prediction, the query token must evaluate the dynamical rule f by aggregating the k parent states171

centered at i+ ê from the preceding time step t− 1. Therefore, NQ,t,i requires a +ê relative shift172

so that its encoded pattern perfectly matches the unshifted historical key neighborhoods NK,t′,i′ of173

previously completed updates (a property used during Layer 2 Hamming matching in Appendix F).174

We define the union routing set as U = NK ∪ NQ. By the principle of inclusion-exclusion, its175

cardinality is |U| = 2k − |NK ∩ NQ|, which is bounded by k + 1 ≤ |U| ≤ 2k depending on176

the topological overlap. For instance, in a 1D Elementary Cellular Automaton with k = 3 offsets177

N = {−1, 0, 1}, the unit shift is ê = 1, yielding NK = {−1, 0, 1} and NQ = {0, 1, 2}. Their union178

U = {−1, 0, 1, 2} has cardinality 4 < 2k, demonstrating how sequential flattening induces overlap.179

Definition 4.1 (Spatial partition). Given h ∈ {1, . . . , |U|} Layer 1 attention heads, a spatial partition180

is a collection of mutually exclusive subsets S1, . . . , Sh ⊆ U satisfying
⋃h

γ=1 Sγ = U and |Sγ | ≤181

m := ⌈|U|/h⌉ for all γ ∈ {1, . . . , h}. Each head γ is assigned the offsets in Sγ , and we refer to m182

as the partition size.183
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The two endpoints recover the previously discussed regimes: h = |U| yields m = 1 (each head184

routes one cell in the union set independently), and h = 1 yields m = |U| (a single attention head185

is bottlenecked to route the entire union neighborhood simultaneously). notation suggestion: N186

replaced with D (see above), Nk not needed, then D+ defined instead of NQ.187

4.1 Constructing spatial-aware embeddings188

As detailed in Appendix C.2, a naive transformer approach to multidimensional grids relies on189

Relative Positional Encodings (RPE) to act as deterministic shift operators. Because flattening a190

multidimensional grid maps adjacent spatial neighbors to sequence distances that scale with the grid191

axes (e.g., O(W d−1)), this approach requires a learned bias table of O(T · L) entries and directly192

encodes the grid topology into the architecture.193

Instead, we decouple spatial addressing from sequence distance by introducing spatial-aware em-194

beddings. We demonstrate that spatial routing can be achieved with a representation dimension195

independent of the grid volume W d. We define these embeddings and prove they can be constructed196

via multi-peaked trigonometric polynomials in Appendix D (Lemma D.2); these polynomials allow197

an attention head to isolate multiple spatial offsets simultaneously without relying on sequence-198

dependent shift operators.199

Formally, encoding m target spatial offsets requires the attention inner product to act as a multi-200

peaked function: it must yield mutually distinct prescribed scores {s1, . . . , sm} exactly at the target201

spatial offsets, while assigning a suppressed score ≤ smin −∆ to all other background positions (see202

Definition D.1). We summarize the resulting dimensional bounds below:203

Theorem 4.2 (Bounds for spatial addressing). For any d-dimensional discrete spatial grid of size204

W d, temporal horizon T , margin ∆ > 0, and a target subset of m spatial offsets assigned to an205

attention head, a positional embedding p(t,i) ∈ Rdp encoding these targets satisfies the following206

dimensional bounds:207

• Independent per-head addressing (m = 1): When an attention head is responsible for isolating a208

single spatial offset, there exists an explicit embedding requiring a total dimension of dp = 2d+ 2.209

• Simultaneous addressing (m > 1): When an attention head is burdened with simultaneously210

routing a neighborhood of m offsets, the positional attention score is parameterized as a multi-211

peaked trigonometric polynomial. There exists a valid spatial-aware embedding requiring a total212

dimension of dp ≤ 2(m+ d) + 2.213

The formal proof and existence of these multi-peaked polynomials are deferred to Appendix D. In214

Lemma D.4 we present an explicit construction for one-dimensional cellular automata.215

Theorem 4.2 ensures that it is possible to construct query and key matrices so that positions outside216

of the m targets have very low scores, controlled by an arbitrary margin ∆. By setting ∆ sufficiently217

large, the attention weight on these extraneous positions is tightly bounded. Concretely, each routing218

head aggregates the states of the m cells in its assigned partition Sγ into a scalar superposition219

zγ =
∑

j∈Sγ
αjwxt,j + ηγ , where αj are softmax weights concentrated on the targets and ηγ is220

bounded leakage from non-target positions.221

The acceptable threshold for this leakage ηγ depends on how the architecture processes the superposi-222

tion. If the architecture uses non-linear decoding (Section 4.2), the leakage must be bounded by the223

tolerance of the MLP. If the architecture routes features to content-based retrieval without an MLP224

(Section E.2), the leakage must be bounded to preserve downstream inner-product separability.225

4.2 Non-linear decoding226

Following spatial routing, each head γ outputs a scalar superposition zγ =
∑

j∈Sγ
αjwxt,j

+ ηγ ,227

where αj are softmax weights concentrated on the m target cells and ηγ is bounded leakage. To228

perform content-based retrieval in Layer 2, this scalar must be decoded into a mutually orthogonal229

pattern encoding in block B3. Lemma E.1 guarantees that almost any softmax weight vector α makes230

zγ injective over V m configurations, yielding V m distinct values with minimum gap δ > 0.231

A linear decoder cannot complete this step. By Lemma E.2, no affine map T : R→ Rn can send n232

distinct scalar inputs to n mutually orthogonal targets when n ≥ 3, which holds here whenever m ≥ 2233

or V ≥ 3. A non-linear activation is therefore necessary. Definition E.3 and Lemma E.4 construct234
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an explicit 2-layer ReLU MLP with hidden width 4V m per head that achieves exact decoding via235

trapezoid indicator functions. To function correctly, this MLP requires the routing leakage to satisfy236

ηγ < δ/4, allowing it to absorb the upstream noise and snap the scalar into a perfect orthogonal237

representation. In the fully distributed regime (m = 1), each head routes a single cell and this step is238

unnecessary: the linear value projection suffices.239

4.3 Content-based retrieval240

With exact orthogonal pattern encodings written to B3,K and B3,Q, a single Layer 2 attention head241

performs integer Hamming matching. The mechanics of this matching depend on the routing regime:242

In the partitioned regime (m > 1), the Layer 1 MLP has provided exact orthogonal encodings. The243

pre-softmax score between a query token (t, i) and a context token (t′, i′) equals ch if and only if244

their h-block pattern encodings agree on all heads, and is at most c(h− 1) otherwise.245

In the fully distributed regime (m = 1), spatial features are isolated and bypass the Layer 1 MLP.246

Layer 2 must therefore perform Hamming matching directly on noisy one-hot vectors. To guarantee247

that matching and non-matching neighborhood configurations remain separable under inner product248

despite this noise, the per-head attention leakage from Layer 1 must be bounded by ϵ < 1
4k (formalized249

as Lemma E.6 in Appendix E).250

In both regimes, the score gap between matching and non-matching patterns drives the retrieval251

leakage ϵret → 0 as the query scaling c → ∞ (Lemma E.9). Because the rule f is deterministic,252

every context token whose key pattern matches the query carries the identical value vector e(f(Nt,i));253

Corollary E.10 then guarantees exact cell-state prediction whenever ϵret <
√
2/4, which is achieved254

by a finite threshold on c. No MLP is required in Layer 2.255

The architecture described in Section 4 and Appendices D–E.1 is parameterized by h ∈ {1, . . . , |U|}256

spatial routing heads in Layer 1. As the complexity of the local dynamical system is conserved, it257

must be absorbed either by the routing mechanism (via multi-head attention) or by the decoding258

mechanism (via the MLP). The two endpoints recover the regimes mentioned above: at h = 1, a259

single attention head compresses the entire union neighborhood into a 1-dimensional superposition260

and a wide MLP is required to decode it; at h = |U|, spatial features are isolated across heads and no261

MLP is needed. The following theorem formalizes the continuous tradeoff between these endpoints.

Initial Hidden State h
(0)
t,i ∈ RD

Blocks: B1, B2(pt,i), B3, B4

Input Token (t, i)

Spatial Addressing
Attention Head γ

Layer l = 1 Projections
W

(1)
Q ,W

(1)
K ,W

(1)
V

Layer l = 1 MLP

Intermediate State h
(1)
t,i

Blocks: B3,K , B3,Q

Pattern Matching
Hamming Attention

Layer l = 2 Projections
W

(2)
Q ,W

(2)
K ,W

(2)
V

Final State h
(2)
t,i ∈ RD

Predicted State ŷ

Extract pt,i

Superposition zγ

Write q(Q), q(K)

Residual

Extract q(Q), q(K)

Write to B4

Figure 1: Flow of the spatial induction head architecture. Layer 1 routes position-aware embeddings
(pt,i) to isolate spatial neighborhoods, using an MLP to decode the scalar superpositions (zγ) into
discrete one-hot pattern encodings (q(Q), q(K)). Layer 2 subsequently performs content-based
Hamming matching on these marginalized representations to retrieve the predicted target state (ŷ).

262

Theorem 4.3 (Spatial in-context learning). For any deterministic local dynamical system defined over263

a d-dimensional discrete grid with neighborhood size k, union routing set U , state space cardinality264

V ≥ 2, and context window of Nseq > k tokens, let ε > 0 be an error tolerance. There exists a265

2-layer causal transformer implementing the optimal learning algorithm that predicts the system’s266

evolution with error ≤ ε. By parameterizing the architecture by h ∈ {1, . . . , |U|} spatial routing267

heads, the required representation dimension D (residual stream width) and Layer 1 MLP hidden268

dimension DMLP are bounded by:269

D = O
(
hV ⌈|U|/h⌉ + d

)
, DMLP = O

(
hV ⌈|U|/h⌉

)
(3)

These complexities are independent of the macroscopic grid volume L = W d.270

The proof, provided in Appendix F, assembles the three modular stages from Appendices: spatial271

routing via spatial-aware embeddings, non-linear decoding into orthogonal pattern encodings, and272

Hamming-matched retrieval.273
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The three terms of the bound decompose along functional lines: hV ⌈|U|/h⌉ is the decoding cost paid274

by the Layer 1 MLP scratch space, |U| is the routing cost paid by the positional embedding, and d is275

the irreducible spatial overhead. Two further clarifications help parse the result. First, by inclusion-276

exclusion, |U| = |NK ∪NQ| ≤ 2k, with equality only when the key and query neighborhoods are277

fully disjoint. Second, D denotes the total residual stream width, comprising the token embedding278

(dimB1 = V ), the positional embedding (dimB2 = dp), the neighborhood encoding scratch block279

(dimB3 = 2hV m with m = ⌈|U|/h⌉), and the output block (dimB4 = V ); the Layer 1 MLP280

hidden dimension is a separate quantity bounded by 4hV m.281

A key consequence of Theorem 4.3 is that the required architectural capacity depends only on the282

local dynamical parameters (k, V, d) and is independent of the grid volume L = W d. This follows283

because the token embedding, positional embedding, and scratch blocks scale exclusively with local284

parameters, no component scales with sequence length or grid dimensions. This independence does285

not eliminate computational complexity: the representation cost is conserved and localized in model286

capacity, absorbed either by attention routing (requiring h = |U| parallel heads) or by non-linear287

decoding (requiring MLP width O(V |U|)). The only quantity that scales with grid size is the context288

length itself: the unrolled trajectory has length T ·L tokens, which is unavoidable for any architecture289

processing the full spatiotemporal sequence.290

By parameterizing over h, we expose a fundamental routing-decoding tradeoff governing the291

architecture. When Layer 1 possesses sufficient attention heads to route each of the |U| cells292

independently (h = |U|), spatial features are isolated and no MLP is required. Conversely, when293

a single attention head must compress all |U| cells into a 1-dimensional superposition (h = 1), an294

MLP becomes essential to decode the representation. At the bottlenecked extreme (h = 1), the295

representation and MLP dimension scale as O(V |U|), while at the parallel extreme (h = |U|), the296

dimension is bounded by O(|U|V + d). The intermediate regime is captured directly by the unified297

formula in Theorem 4.3.298

5 Gradient descent learns spatial induction heads299

We now empirically show that Transformers trained on next token prediction converge to spatial300

induction heads.301

5.1 Experimental setup302

We study in-context learning of cellular automata across three settings: one dimensional elementary303

cellular automata (V=2, k=3, L=16), two dimensional cellular automata with Von Neumann neigh-304

borhoods (V=2, k=5, 6×6 grid), and one dimensional cellular automata with V=3 (k=3, L=32).305

We train standard decoder-only Transformers with causal attention and learned absolute positional306

embeddings, without the specialized spatial-aware embeddings from our theoretical constructions or307

explicit Relative Positional Encodings, so that we can test whether gradient descent independently308

discovers the predicted spatial routing mechanisms. Training and test sets use entirely disjoint rule309

equivalence classes, ensuring the model cannot succeed by memorization. In all settings, context310

length M is chosen so that all V k neighborhood configurations appear in every context window311

(Appendix B.2). Full details on data generation, hyperparameters, and training schedules are in312

Appendix G.313

We report cell accuracy, sequence accuracy, and autoregressive accuracy (sequence accuracy when314

feeding predictions back as input) . Sequence accuracy is our primary metric: it requires every cell315

to be predicted correctly across all time steps, whereas the cell accuracy reported by prior work316

can appear deceptively high even when many sequences contain errors. In comparison, Berkovich317

et al. [2] provides the rule matrix explicitly in the prompt and evaluates single-step prediction, while318

Burtsev [7] train larger models (4 layers, 8 heads, D=512) on 1D ECA, with performance degrading319

on multi-step tasks.320

5.2 Results321

Table 1 summarizes our results. On 1D ECA, 2-layer models achieve perfect accuracy including322

autoregressive generation, confirming that stochastic gradient descent can learn to perform spatial323

ICL on this task. The perfect autoregressive accuracy indicates that the model has internalized the324
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Table 1: Results across all settings. For 2-layer models, a+b denotes a heads in Layer 1 and b in
Layer 2. For deeper models, a×n denotes a heads per layer across n layers. Auto Acc is measured
over 4 autoregressive time steps from context.

Setting Model Cell Acc Seq Acc Auto Acc

1D, V=2, k=3 (ECA) 2-layer, 1+1 heads, D=512 100.0 100.0 100.0
2-layer, 3+1 heads, D=384 100.0 100.0 100.0

1D, V=3, k=3 4-layer, 3×4 heads, D=576 99.9 89.8 86.8
2-layer, 3+1 heads, D=384 99.8 87.5 85.0

2D , k=5 4-layer, 5×4 heads, D=640 99.9 85.7 1.0
2-layer, 5+1 heads, D=640 97.9 29.0 12.0

2D VN + RPE, k=5 2-layer, 5+1 heads, D=640 99.5 70.5 1.0

exact rule rather than approximating it, as any single-cell error would compound across subsequent325

steps. The mechanism extends to V=3, where the configuration space grows from 8 to 27, with the326

2-layer model still reaching 87.5% sequence accuracy, providing evidence that the construction can327

accommodate larger state spaces.328

On 2D, 4-layer models reach 85.7% sequence accuracy, with training exhibiting a grokking-like329

phase transition between epochs 200 and 260. The 2-layer model lags behind, but injecting 2D330

relative positional biases raises it to 70.5%, confirming that the primary bottleneck is learning spatial331

addressing from flattened sequences rather than model capacity. Theorem 4.2 proves a 2-layer model332

can theoretically solve it, the mathematical construction relies on ultra-sharp attention distributions333

and specific saturation points in ReLUs. However, Standard SGD/Adam struggles to find these brittle334

configurations from random initialization. The extra layers in the 4-layer model provide a smoother335

optimization landscape, allowing the network to learn the logic compositionally rather than forcing it336

into two drastic, highly constrained steps.337

5.3 Mechanistic validation338

The results above confirm that our models can perform spatial ICL, but do not reveal how. We now339

analyze the internal mechanisms of the trained models to test whether they match the spatial induction340

head circuit predicted by our theory.341

Attention distribution342

Figure 2 visualizes the attention of the ECA 1+1 heads model on a representative example. Averaged343

over the full test set (20k samples), Layer 1 concentrates 68.4% of attention on the neighborhood344

cells in the preceding row, confirming spatial addressing. Layer 2 concentrates 97.1% on context345

positions sharing the same neighborhood configuration, confirming content-based retrieval.346

0 1 1 0 1 1 1 1 0 0 0 0 0 1 0t0

0 0 1 1 0 0 0 1 0 1 1 1 0 0 0t1

1 0 0 1 0 1 0 0 1 0 0 1 0 1 1t2

1 0 0 0 1 0 0 0 0 0 0 0 1 0 0t3

0 0 1 0 0 0 1 1 1 1 1 0 0 0 0t4

1 0 0 0 1 0 0 0 0 0 1 0 1 1 1t5

1 0 1 0 0 0 1 1 1 0 0 1 0 0 0t6

0 ? 0 0 1 0 0 0 1 0 0 0 0 1 0t7

0 0 0 0 0 0 1 0 0 0 1 1 0 0 0t8

1 1 1 1 1 0 0 0 1 0 0 1 0 1 1t9

Layer 1
0 1 1 0 1 1 1 1 0 0 0 0 0 1 0t0

0 0 1 1 0 0 0 1 0 1 1 1 0 0 0t1

1 0 0 1 0 1 0 0 1 0 0 1 0 1 1t2

1 0 0 0 1 0 0 0 0 0 0 0 1 0 0t3

0 0 1 0 0 0 1 1 1 1 1 0 0 0 0t4

1 0 0 0 1 0 0 0 0 0 1 0 1 1 1t5

1 0 1 0 0 0 1 1 1 0 0 1 0 0 0t6

0 ? 0 0 1 0 0 0 1 0 0 0 0 1 0t7

0 0 0 0 0 0 1 0 0 0 1 1 0 0 0t8

1 1 1 1 1 0 0 0 1 0 0 1 0 1 1t9

Layer 2

Query cell Neighborhood Matched output Matched neighborhood

Figure 2: Attention over the ECA grid for a single prediction cell (1+1 heads model, Rule 97). The
query cell at (t7, c1) predicts f(1, 0, 1) = 1. Layer 1 (left) concentrates on the three neighborhood
cells in the preceding row. Layer 2 (right) concentrates on context positions sharing the same
configuration (1, 0, 1), retrieving the corresponding output.
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Representation structure Figure 3 shows t-SNE visualizations at successive stages of the ECA 1+1347

heads model. Before the Layer 1 MLP, representations for different configurations are intermixed.348

After the MLP, clusters separate by configuration. After Layer 2 attention, they further split by output349

value, yielding 16 clusters for the 8 × 2 (configuration, output) pairs. This confirms that Layer 1350

decodes the neighborhood and Layer 2 retrieves the correct output.351

Routing-decoding tradeoff352

Table 2: Effect of removing the Layer 1
MLP (1D ECA). All models use 1 head in
Layer 2.

L1 Heads With MLP Without MLP

1 100.0 57.3
2 100.0 56.7
3 100.0 97.6
4 100.0 90.8

Table 2 validates the routing-decoding tradeoff. Remov-353

ing the MLP from the ECA 1-head model drops accuracy354

to 57.3%, as the single head cannot linearly disentangle355

the spatial superposition. With 3 heads, removing the356

MLP has negligible effect, consistent with the prediction357

that when heads match the neighborhood size, spatial358

features are isolated and no MLP is required.359

Width independence Theorem 4.3 predicts that the re-360

quired model dimension is independent of grid width.361

We verify this by training the ECA 1+1 and 3+1 heads models on L ∈ {10, 16, 32} separately. All362

achieve sequence accuracy above 0.99, confirming that the mechanism is purely local.363

6 Conclusion and future work364

We introduced spatial induction heads, a two-layer attention circuit that solves in-context learning of365

multidimensional cellular automata by decoupling spatial neighborhood routing from content-based366

rule retrieval. Constructively, the required representation dimension is independent of the grid volume,367

and a fundamental routing-decoding tradeoff governs the interplay between Layer 1 attention heads368

and MLP width. Empirically, standard transformers trained with next-token prediction converge to369

this exact mechanism.370

Our results suggest the inductive bias toward induction-like circuits extends beyond 1D sequences:371

the same primitives that underlie language ICL suffice to discover spatial routing from flattened data,372

with no explicit encoding of grid topology. This connects the induction-head literature for language373

models with patch-level circuit analyses of vision transformers, and offers a concrete circuit-level374

prediction to seek in transformers trained on real spatiotemporal data. Extensions include generalizing375

this framework to stochastic or continuous-state dynamics, which would expand Layer 2 retrieval376

from exact copying to distributional aggregation. We hope this synthetic foundation provides the377

precise circuit-level blueprints needed to hunt for spatial induction heads in large-scale, pre-trained378

spatiotemporal models.379
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Figure 3: t-SNE of hidden representations at successive stages of the ECA 1+1 heads model (500
test samples). Top: colored by neighborhood configuration. After the Layer 1 MLP, representations
cluster by configuration. Bottom: colored by output value. After Layer 2 attention, each cluster splits
by output, yielding 16 clusters for 8 configurations × 2 outputs. Layer 2 MLP is not necessary.
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A Notation reference493

Table 3: Notation for the synthetic data environ-
ment and spatial grid parameters.

Variable Description
d Spatial dimension
L Total grid volume
W Uniform grid width
V Discrete state space
k Cells in base neighborhood

Table 4: Notation for the model architecture and
spatial routing components.

Variable Description
NK Key neighborhood
NQ Query neighborhood
U Union routing set
h Spatial routing heads
m Spatial partition size

Table 5: Notation for transformer architecture and intermediate representations.

Variable Description
(l) Superscript denoting the causal transformer layer index, l ∈ {1, 2}.

W
(l)
Q ,W

(l)
K ,W

(l)
V Query, Key, and Value linear projection matrices for Layer l.

h
(l)
t,i Final hidden residual stream representation of token (t, i) after Layer l.
D Total dimensional width of the hidden representation.
Bn Isolated functional sub-block of the residual stream.

B3,K , B3,Q Partitioned sub-blocks of B3 storing marginalized Key and Query encodings.
ΠBn

Orthogonal projection matrix extracting the subspace Bn.
pt,i spatial-aware embedding vector of dimension dp.
zγ Scalar superposition routed by Layer 1 attention head γ.

q
(Q)
t,i , q

(K)
t′,i′ Concatenated one-hot pattern encodings for Layer 2 Hamming matching.

B Optimal learning and configuration coverage494

B.1 Optimal learning algorithm495

In the deterministic local dynamical system setting, we define a simple learning algorithm and prove496

its optimality. Algorithm 1 maintains an empirical lookup table f̂ , initially empty, and updates it as497

new (configuration, output) pairs are observed.498

Algorithm 1 Lookup Table Learning

1: Initialize f̂ ← ∅
2: for all t ∈ {0, . . . , T − 2}, i ∈ G do
3: Nt,i ← (xt,i+δ1

, . . . , xt,i+δk
)

4: y ← xt+1,i

5: Predict: x̂t+1,i ← f̂(Nt,i) if Nt,i ∈ keys(f̂), else draw v ∼ Uniform(S)
6: Update: If Nt,i /∈ keys(f̂), set f̂(Nt,i)← y
7: end for

Because the rule f is deterministic, once a configuration c ∈ Sk has been observed, the stored value499

f̂(c) = f(c) is correct for all future occurrences. We now show that this algorithm is optimal under500

adversarial ground truth rules.501

Theorem B.1. The prediction rule of Algorithm 1 is minimax optimal: for any alternative prediction502

algorithm A,503

max
f∈F

errf (A) ≥ max
f∈F

errf (f̂),

where errf (·) counts the number of incorrect cell predictions under ground truth rule f , and F =504

{f : Sk → S} is the set of all deterministic local rules.505
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Proof. For any configuration c ∈ keys(f̂), the determinism of f guarantees that f̂(c) = f(c), so the506

prediction is correct regardless of which f ∈ F generated the data. No algorithm can do better on507

these configurations.508

For any configuration c /∈ keys(f̂), the observed data imposes no constraint on the value of f(c).509

Given any prediction x̂ produced by any algorithm A, an adversary can select a rule f that is510

consistent with all observations and additionally satisfies f(c) ̸= x̂. Such a rule exists because f(c)511

is unconstrained by the observations. This holds whether A is deterministic or randomized, since the512

adversary selects f(c) after observing x̂.513

Therefore, errors on unseen configurations are unavoidable for any algorithm, and the lookup table514

already achieves zero error on all seen configurations. This is a direct instance of the No Free Lunch515

theorem [37] for deterministic function learning.516

Theorem B.1 implies that the error of Algorithm 1 is a lower bound on the error of any prediction517

algorithm, as no method can achieve fewer worst-case errors. If all V k configurations appear in518

the context, zero prediction error is achievable. If some configurations are missing, errors on those519

configurations are unavoidable regardless of the algorithm. In our experiments (Section 5), we choose520

the context window to be large enough to cover all V k configurations and verify after data generation521

that complete coverage is indeed achieved. This ensures that any prediction error reflects a limitation522

of the model, not insufficient context.523

B.2 Configuration coverage524

By Theorem B.1, exact in-context learning requires that all V k neighborhood configurations appear525

in the context window. We provide a simple estimate of the number of context time steps needed526

under an idealized assumption.527

Proposition B.2. Suppose each neighborhood configuration at every space-time position is drawn528

independently and uniformly from Sk. Then the minimum number of context time steps Mmin required529

to observe all V k configurations with probability at least P over a grid of volume L is:530

Mmin =

⌈
ln

(
1−P
V k

)
L ln

(
1− 1

V k

)⌉ (4)

Proof. Let Ej denote the event that configuration cj is never observed across LM draws. Under the531

uniform and independent assumption, the probability of not drawing cj in a single draw is 1− V −k,532

so across LM independent draws:533

P (Ej) =

(
1− 1

V k

)LM

By the union bound:534

P (all covered) = 1− P

 V k⋃
j=1

Ej

 ≥ 1−
V k∑
j=1

P (Ej) = 1− V k

(
1− 1

V k

)LM

Setting this to at least P and solving for M yields the stated bound.535

In practice, the independence assumption of Proposition B.2 does not hold. Even when the initial536

time step is sampled i.i.d. from S, neighboring positions share cells, so their configurations are not537

independent. Moreover, all subsequent time steps are determined by the rule f rather than sampled538

randomly. This bound is therefore an approximate guide for choosing the context length during data539

generation. We verify after generating each sample that all V k configurations appear in the context540

window, and discard any sample that does not achieve complete coverage.541

C Baseline: Naive Transformer Construction542

To demonstrate why our spatial-aware spatial induction heads are necessary, we detail a naive causal543

transformer construction that scales poorly with the neighborhood size k and state space size V when544

relying purely on standard Relative Position Encodings (RPE).545
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C.1 Why two layers are necessary546

Both the naive baseline (Appendix C) and our spatial-aware construction (Appendix D) use two547

transformer layers. We give an informal argument that this is necessary, paralleling the depth-548

minimality of standard induction heads.549

Each attention layer performs a single “hop” of information composition. Standard induction heads550

use two hops: Layer 1 copies information from a preceding token into the current position, and551

Layer 2 uses the enriched query to perform prefix matching and copy the matched output. Spatial552

induction heads inherit this two-hop structure but generalize the first hop: Layer 1 must gather a k-cell553

neighborhood at arbitrary spatial offsets, and Layer 2 performs pattern matching on the assembled554

configuration.555

A 1-layer transformer struggles to accomplish both hops at once. Before attention, the query556

qt,i = WQh
(0)
t,i is a function only of the local token and its positional encoding, so it carries no557

information about the target neighborhood configuration Nt,i. While the neighborhood cells appear558

among the keys, the query lacks the pattern information needed to selectively attend to context559

positions sharing the same k-cell configuration. For the standard induction head task (k = 1),560

Sanford et al. [29] make this intuition precise via communication complexity, showing that any561

1-layer transformer must grow in size linearly with the input length, whereas a 2-layer transformer562

suffices with size only logarithmic in the input length. We expect an analogous separation for spatial563

induction heads with k ≥ 2 but leave a formal proof to future work.564

C.2 A naive construction with relative positional encoding565

We sketch a naive 2-layer transformer that solves spatial ICL using Relative Position Encoding (RPE)566

as rigid shift operators, providing a comparison point for our spatial-aware construction.567

The total sequence length is T · L. We set the hidden dimension to D = (2k + 2)V and define the568

initial token embedding by concatenating the one-hot state vector with two zero scratch blocks of569

size kV each and an output block of size V :570

h
(0)
t,i =

[
e(xt,i)︸ ︷︷ ︸
B1∈RV

; 0kV︸︷︷︸
B2∈RkV

; 0kV︸︷︷︸
B3∈RkV

; 0V︸︷︷︸
B4∈RV

]
∈ RD. (5)

Here B1 stores the cell’s own one-hot state, B2 and B3 are scratch blocks for assembling the571

neighborhood configurations at spatial positions i and i+ ê respectively (both at time t−1), and B4572

is the output slot into which Layer 2 writes its retrieved prediction.573

Layer 1: spatial gathering via RPE shifts We use 2k attention heads. For each neighbor offset574

δj (j = 1, . . . , k), one head retrieves the cell at ( t−1, i + δj ) from the neighborhood Nt−1,i and575

another retrieves the cell at ( t−1, i+ δj + ê ) from the neighborhood Nt−1,i+ê. We implement each576

retrieval by adding a relative position bias to the attention scores:577

A(1)
m,n = q⊤mkn +RPE(∆t,∆p)

m,n , (6)

where RPE(∆t,∆p)
m,n is large when the spatiotemporal offset of token n relative to token m matches578

the head’s designated target, and −∞ otherwise. The softmax concentrates each head’s attention on579

its designated target. The first group of k heads writes their retrieved one-hot states into B2 and the580

second group writes into B3, so that after Layer 1:581

h
(1)
t,i =

[
e(xt,i) ; Ñt−1,i ; Ñt−1,i+ê ; 0V

]
, (7)

where Ñt−1,i, Ñt−1,i+ê ∈ RkV are the concatenated one-hot encodings of the k neighbors in Nt−1,i582

and Nt−1,i+ê, respectively.583

Layer 2: pattern matching A single attention head (no RPE) compares Ñt−1,i+ê against Ñt′−1,i′584

for context tokens via inner product. The score equals k if and only if the two neighborhoods agree585

on all k cells, and at most k−1 otherwise. The value projection extracts the matched cell’s state586

e(xt′,i′) from B1 and writes it into B4.587
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Comparison with the spatial-aware construction The naive baseline successfully predicts the588

dynamical rule, but its positional representation scales with the grid volume. Our spatial-aware589

embeddings (Theorem 4.2) require dp = 2d+ 2 when each head routes a single offset (m = 1), and590

dp ≤ 2(m+ d) + 2 when each head simultaneously routes m = ⌈|U |/h⌉ offsets, both independent591

of L. In contrast, the RPE bias table assigns a learned scalar to each distinct relative sequence offset.592

After flattening a d-dimensional grid, the relative offset ∆p ∈ Zd (with each component ranging593

over W values) yields W d = L distinct spatial offsets. Combined with T time steps, the table spans594

O(T · L) entries, making the positional representation increasingly expensive as the grid grows.595

Beyond this parameter efficiency, the RPE formulation implicitly encodes substantial structural596

information about the underlying spatial domain. The bias table is indexed by a (d+1)-dimensional597

offset (d spatial axes plus one temporal axis), with each spatial axis ranging over W values. This598

structure directly reveals the dimensionality d of the grid, the width W along each axis, and the599

independence of spatial and temporal dimensions. By contrast, our construction uses standard600

learned positional embeddings over the flattened 1D sequence. The model must discover from601

data alone that the 1D sequence encodes a multidimensional spatial grid, which cells constitute the602

relevant neighborhood, and how temporal and spatial dependencies are structured. As demonstrated603

empirically in Section 5, standard gradient descent on this architecture converges to the spatial604

induction head mechanism predicted by our theory, confirming that transformers have sufficient605

inductive bias to discover spatial routing without explicit architectural encoding of the domain606

geometry.607

D Deferred Proofs for Spatial-Aware Embeddings608

D.1 Formal Definition and Multidimensional Local Interpolation609

Definition D.1 (Spatial-aware embedding). A sequence of positional embeddings pt,i is spatial-610

aware for an attention head assigned to route m specific spatial offsets if there exist projection611

matrices Wpos
Q ,Wpos

K and a constant ∆ > 0 such that for all (t, i) and causally visible (t′, i′), the612

inner product ⟨Wpos
Q pt,i, W

pos
K pt′,i′⟩ satisfies:613 {

sj if (t′, i′) = (t−1, i+ δj mod L) for each offset j ∈ {1, . . . ,m},
≤ smin −∆ otherwise,

(8)

where {s1, . . . , sm} are mutually distinct target scores and smin = minj sj ; and the induced softmax614

attention weights615

αj =
exp(sj)

m∑
l=1

exp(sl)

, j = 1, . . . ,m, (9)

which are fully determined by Wpos
Q ,Wpos

K , and the embeddings {pt,i}, satisfy the non-degeneracy616

condition: for every pair of distinct neighborhood configurations x ̸= x′ ∈ Sm,617

m∑
j=1

αj xj ̸=
m∑
j=1

αj x
′
j . (10)

Lemma D.2 (Multidimensional local interpolation). Let G = ZL1
× · · · × ZLd

be a d-dimensional618

discrete grid with periodic boundary conditions, where Lj ≥ 2 for each j ∈ {1, . . . , d}. Let619

N = {δ1, . . . , δm} ⊂ G be a set of m distinct spatial offsets, let {s1, . . . , sm} ⊂ R be prescribed620

target values, and let W > 0 be an arbitrary penalty threshold.621

A trigonometric polynomial on G is any function of the form622

g : G −→ R, g(δ) =
∑
ω∈Ω

[
aω cos

(
2π

d∑
j=1

ωj δj
Lj

)
+ bω sin

(
2π

d∑
j=1

ωj δj
Lj

)]
, (11)

where Ω ⊆ Ĝ ∼= ZL1
× · · · × ZLd

is a finite set of frequency vectors and aω, bω ∈ R are learnable623

weights.624

There exists a choice of frequencies Ω and weights {aω, bω} such that |Ω| ≤ m+ d and the resulting625

trigonometric polynomial g satisfies:626
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1. Interpolation: g(δh) = sh for all h ∈ {1, . . . ,m}, and627

2. Penalty: g(δ) ≤ −W for every δ /∈ N .628

Proof of Lemma D.2. The proof embeds G into a Euclidean feature space via trigonometric char-629

acters, reduces the interpolation conditions to a linear system whose solution space has a kernel630

of positive dimension (i.e., underdetermined), and then exploits that null-space freedom to drive g631

arbitrarily negative on G \N . We use standard facts about characters of finite abelian groups.632

Step 1: Frequency Selection. We construct Ω ⊂ Ĝ as the union of two sets.633

(a) Axial frequencies. Let Ĝ denote the dual group of G, consisting of all characters (homomorphisms634

from G to the complex unit circle). We define êj = (0, . . . , 1, . . . , 0) ∈ Ĝ for j = 1, . . . , d as the635

j-th standard basis character. When evaluated at a grid point δ ∈ G, this character isolates the j-th636

spatial coordinate, yielding the complex value exp(i2πδj/Lj).637

Let ϕax : G→ R2d be a mapping defined by extracting the real and imaginary components of these638

d basis characters:639

ϕax(δ) =

(
cos

(
2πδj
Lj

)
, sin

(
2πδj
Lj

))d

j=1

(12)

For any axis j, the pair (cos(2πδj/Lj), sin(2πδj/Lj)) maps the discrete coordinate δj to a unique640

position on the unit circle. Provided Lj ≥ 2, no two distinct coordinates produce the same pair,641

making the mapping injective on ZLj
.642

Consequently, the combined map ϕax is injective on the entire multidimensional grid G. Because643

every spatial point maps to a unique real-valued vector, no two distinct grid positions can overlap in644

the feature space. This injectivity is used in Step 4 to separate and penalize all non-target points.645

(b) Interpolation-spanning frequency vectors. We need a set of frequency vectors whose trigono-646

metric evaluations at the m target points N = {δ1, . . . , δm} are jointly capable of fitting any647

prescribed target values {s1, . . . , sm}. Since the trigonometric functions indexed by Ĝ form648

a complete orthonormal basis for real-valued functions on G (Fourier theory on finite abelian649

groups), their evaluations at any m distinct points span Rm. Consequently, there exists a sub-650

set Ωcore ⊂ Ĝ with |Ωcore| ≤ m such that the m × 2|Ωcore| matrix whose (h, ω) entry is651

(cos(2π
∑

j ωjδh,j/Lj), sin(2π
∑

j ωjδh,j/Lj)) — i.e., the evaluation of each frequency in Ωcore652

at each target point — has full row rank m. This guarantees the interpolation system is feasible for653

any target values.654

Setting Ω = {ê1, . . . , êd} ∪ Ωcore yields |Ω| ≤ m+ d.655

Step 2: Linear System Formulation. For each δ ∈ G, define the feature vector vδ ∈ R2|Ω| by656

evaluating the real and imaginary components of the characters in Ω:657

vδ =
[
cos

(
2π

∑
j

ê1,j δj
Lj

)
, sin

(
2π

∑
j

ê1,j δj
Lj

)
, . . . , cos

(
2π

∑
j

ωk,j δj
Lj

)
, sin

(
2π

∑
j

ωk,j δj
Lj

)]⊤
,

(13)
where ωk ∈ Ωcore.658

Let c ∈ R2|Ω| be the corresponding coefficient vector, such that g(δ) = c⊤vδ. The k interpolation659

constraints g(δh) = sh yield the linear system660

Ec = s, E ∈ Rm×2|Ω|, s = [s1, . . . , sm]⊤, (14)

where row h of E is v⊤
δh

.661

Step 3: Rank–Nullity Argument.662

Claim D.3. rank(E) = k.663
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Proof of claim. The submatrix of E indexed by Ωcore already has row rank k by construction in Step664

1(b); column augmentation with the axial-frequency terms leaves the row rank unchanged.665

Because the number of columns 2|Ω| strictly exceeds the row rank k, the Rank–Nullity Theorem666

dictates dimker(E) > 0. The system therefore admits an affine solution space of the form cbase +667

ker(E), where cbase is a particular solution to (14).668

Step 4: Penalty Enforcement. Let c = cbase + t cnull for some t > 0 and cnull ∈ ker(E). Since669

Ecnull = 0, the interpolation constraints g(δh) = sh are automatically preserved for all t.670

Existence of a uniformly-negative null direction. We need cnull ∈ ker(E) satisfying c⊤nullvδ < 0671

for every δ ∈ G \N . By Gordan’s theorem of the alternative, such a vector exists unless there are672

non-negative scalars λδ ≥ 0 (not all zero) for δ /∈ N such that673 ∑
δ/∈N

λδ vδ ∈ rowspace(E) = span
{
vδh

}m

h=1
. (15)

We rule out (15) using the character zero-sum identity. For each axial frequency êj ∈ Ω, the Lj-th674

roots of unity sum to zero:675 ∑
δ∈G

(
cos(2πδj/Lj)
sin(2πδj/Lj)

)
= 0 (Lj ≥ 2). (16)

Hence
∑

δ/∈N ϕax(δ) = −
∑m

h=1 ϕax(δh). If (15) held for some λ ≥ 0 (not all zero), its axial block676

would satisfy677 ∑
δ/∈N

λδ ϕax(δ) =

m∑
h=1

µh ϕax(δh) (17)

for some µ ∈ Rm. Adding λ̄
∑

h ϕax(δh) to both sides (where λ̄ :=
∑

δ/∈N λδ > 0) and using the678

zero-sum identity converts (17) to679

λ̄
∑
δ∈G

ϕax(δ) +
∑
δ/∈N

(λδ − λ̄)ϕax(δ) =

m∑
h=1

(µh + λ̄)ϕax(δh). (18)

The left-hand side collapses to
∑

δ/∈N (λδ − λ̄)ϕax(δ), a combination of the |G| − m distinct680

background axial vectors (distinct by injectivity of ϕax, Step 1a) with signed weights summing to681

zero. Because each ϕax(δ) is a point on the discrete d-torus
∏

j(ZLj/Lj) and all |G| such points682

are distinct, this signed combination can equal a combination of the m target axial vectors only in683

degenerate configurations that our specific frequency selection (Step 1b) is constructed to avoid: the684

full row rank of E on N together with the axial injectivity jointly over-determine the system, making685

(15) infeasible. Hence cnull exists.686

For any background point δ /∈ N , the evaluation g(δ) = c⊤basevδ + t c⊤nullvδ is affine in t. Choosing687

t ≥ W +maxδ/∈N c⊤basevδ

−minδ/∈N c⊤nullvδ

ensures g(δ) ≤ −W for all δ /∈ N . The finite cardinality of G \N guarantees the numerator is finite688

and the denominator is strictly positive, so such a t exists, fulfilling both conditions with |Ω| ≤ m+d689

frequencies.690

Below, we show an explicit construction for Lemma D.2 for d = 1 and m = 3 (1D Cellular691

Automata):692

Lemma D.4 (Constant-dimension local interpolation). Let L ≥ 4, let v−1, v0, v1 ∈ R be prescribed693

values, and let W > 0.694

Using the frequency set Ω = {0, 1, 2}, which satisfies the bound |Ω| ≤ m+ d, there exist coefficients695

a0, a1, a2, b1 ∈ R such that the trigonometric polynomial696

g(δ) = a0 + a1 cos
(

2π
L δ

)
+ a2 cos

(
2 2π

L δ
)
+ b1 sin

(
2π
L δ

)
satisfies the interpolation conditions g(0) = v0, g(1) = v1, g(−1) = v−1, and the penalty condition697

g(δ) ≤ −W for all δ ∈ ZL \ {−1, 0, 1}.698
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Proof. We construct an explicit solution to the feasibility problem as a special case of the multidi-699

mensional framework in Lemma D.2. Specifically, we map the general parameters to our 1D setting700

as follows:701

• Dimensions and Grid: d = 1 and G = ZL.702

• Targets: m = 3 target points at offsets N = {−1, 0, 1} with prescribed values703

{s1, s2, s3} = {v−1, v0, v1}.704

• Frequencies: We select the frequency set Ω = {0, 1, 2}. This satisfies the general cardinality705

bound, since |Ω| = 3 ≤ m+ d = 4.706

• Weights: The scalar coefficients a0, a1, a2, b1 correspond directly to the general weights707

aω, bω for ω ∈ Ω, where the missing sine weights are trivially set to zero (b0 = 0 since708

sin(0) = 0, and b2 = 0).709

Let cδ = cos
(
2π
L δ

)
. Using the double-angle identity, we can express our target function g(δ) as a710

quadratic polynomial in cδ plus a sine term:711

g(δ) = a0 + a1cδ + a2(2c
2
δ − 1) + b1 sin

(
2π

L
δ

)
.

Our goal is to choose coefficients that satisfy the target interpolation conditions g(0) = v0, g(1) = v1,712

and g(−1) = v−1, while driving the value of g(δ) below −W for all other δ ∈ ZL.713

1. Resolving the Asymmetry. We decouple the problem into symmetric and asymmetric com-714

ponents. The sine term alone handles the asymmetry between g(1) and g(−1). Assuming L ≥ 4,715

sin
(
2π
L

)
> 0, allowing us to perfectly capture the difference between the boundaries by setting:716

b1 =
v1 − v−1

2 sin(2π/L)
.

2. Satisfying the Target Intercepts. For the symmetric component, we define the target average717

M = v1+v−1

2 . Applying the constraints g(0) = v0 and 1
2 (g(1)+ g(−1)) = M yields a linear system718

for the remaining coefficients:719

a0 + a1 + a2 = v0, (19)

(a0 − a2) + a1c1 + 2a2c
2
1 = M. (20)

To solve this system, we subtract (19) from (20) to eliminate a0:720

a1(c1 − 1) + 2a2(c
2
1 − 1) = M − v0.

Since L ≥ 4, c1 < 1, we can safely divide by (c1 − 1). Using the difference of squares c21 − 1 =721

(c1 − 1)(c1 + 1), we obtain:722

a1 + 2a2(c1 + 1) =
M − v0
c1 − 1

≡ Γ.

This defines a1 in terms of a constant Γ and our free parameter a2:723

a1 = Γ− 2a2(c1 + 1). (21)

From (19), we also have a0 = v0 − a1 − a2. Substituting this a0 into the symmetric portion of g(δ)724

and subtracting v0 from both sides isolates the cδ terms:725

g(δ)− v0 − b1 sin

(
2π

L
δ

)
= (v0 − a1 − a2) + a1cδ + a2(2c

2
δ − 1)− v0

= a1(cδ − 1) + 2a2(c
2
δ − 1)

= (cδ − 1)
[
a1 + 2a2(cδ + 1)

]
.
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Next, we substitute our expression for a1 from (21) directly into the brackets:726

a1 + 2a2(cδ + 1) =
[
Γ− 2a2(c1 + 1)

]
+ 2a2(cδ + 1)

= Γ + 2a2(cδ − c1).

Recombining this simplified bracket with the (cδ − 1) factor and restoring the asymmetric sine term727

yields our highly convenient factored form:728

g(δ)− v0 = (cδ − 1)
[
Γ + 2a2(cδ − c1)

]
+ b1 sin

(
2π

L
δ

)
.

This factorization makes the interpolation properties self-evident. At δ = 0, the (cδ − 1) term729

vanishes, cleanly leaving g(0) = v0. At δ = ±1, the (cδ − c1) term vanishes, and the remaining730

terms evaluate to v1 and v−1 respectively.731

3. Enforcing the Global Penalty. It remains to establish the suppression condition g(δ) ≤ −W732

for all non-target points δ ∈ ZL \ {−1, 0, 1}.733

Setting the free parameter a2 = −Λ for some scalar Λ > 0 and expanding g(δ) ≤ −W yields the734

equivalent requirement:735

2Λ(1− cδ)(c1 − cδ) ≥W + v0 + Γ(cδ − 1) + b1 sin

(
2π

L
δ

)
. (22)

For all non-target points, cδ ≤ c2 < c1 < 1. Consequently, the spatial factors (1− cδ) and (c1 − cδ)736

are strictly positive. Because the domain ZL is finite, these factors are uniformly bounded away from737

zero, ensuring that the left-hand side scales monotonically with Λ. This allows the penalty term to738

arbitrarily dominate the right-hand side for sufficiently large Λ.739

To determine a sufficient global condition, we bound both sides. Applying the triangle inequality740

to the right-hand side establishes a uniform upper bound of W + v0 + |Γ|+ |b1|. On the left-hand741

side, the most restrictive spatial constraint occurs at δ = 2. Bounding the spatial factors against this742

worst-case scenario yields the sufficient condition:743

Λ ≥ W + v0 + |Γ|+ |b1|
2(1− c2)(c1 − c2)

. (23)

Choosing any Λ that satisfies this lower bound enforces all spatial penalties, thereby concluding the744

proof.745

D.2 Extended Statement and Proof of Theorem 4.2 (Constructive Bound for Spatial746

Awareness)747

Theorem D.5 (Bounds for Spatial Addressing). For any d-dimensional discrete spatial grid of size L,748

temporal horizon T , margin ∆ > 0, and a target subset of m spatial offsets assigned to an attention749

head, a positional embedding p(t,i) ∈ Rdp encoding these targets satisfies the following dimensional750

bounds:751

1. Independent Per-Head Addressing (m = 1): When an attention head is responsible for752

isolating a single spatial offset, there exists an explicit embedding requiring a total dimension753

of dp = O(d). Specifically, dp = 2d+ 2.754

2. Simultaneous Addressing (m > 1): When an attention head is burdened with simultane-755

ously routing a neighborhood of m offsets, there exists a valid spatial-aware embedding756

requiring a total dimension of dp ≤ 2(m+ d) + 2.757

Proof. We construct the positional embedding p(t,i) ∈ Rdp by partitioning it into a temporal compo-758

nent of dimension dT = 2 and a spatial component of dimension dS , such that dp = dT + dS . Let759

the full embedding be:760

p(t,i) =

[
ptime
t

pspace
i

]
. (24)

20



We define the query and key projection matrices as block-diagonal:761

Qpos
0 =

[
QT 0
0 QS

]
, Kpos

0 =

[
KT 0
0 KS

]
. (25)

The total inner product therefore decomposes additively:762

⟨Qpos
0 p(t,i), K

pos
0 p(t′,i′)⟩ = ⟨QTp

time
t , KTp

time
t′ ⟩︸ ︷︷ ︸

h(t,t′)

+ ⟨QSp
space
i , KSp

space
i′ ⟩︸ ︷︷ ︸

g(i,i′)

. (26)

Shared Temporal Component. For both addressing regimes, we set the temporal embedding to763

ptime
t = [t, 1]⊤ ∈ R2. Setting QT = diag(−WT , 1) and KT = [0, 1;WT ,WT ] yields the temporal764

inner product h(t, t′) = −WT (t− t′ − 1). Because causal masking ensures t′ ≤ t− 1 for all visible765

positions, the temporal score is strictly non-positive:766

h(t, t′) =

{
0 if t′ = t− 1,

≤ −WT if t′ ≤ t− 2.
(27)

Case 1: Independent Per-Head Addressing (m = 1). We set dS = 2d and construct the spatial767

embedding by concatenating one Fourier mode per axis. Specifically, for i = (i1, . . . , id), define768

pspace
i =

p
axis 1
i1

...
paxis d
id

 ∈ R2d, paxis c
ic =

cos( 2π
Lc

ic

)
sin

(
2π
Lc

ic

) , (28)

so that each axis c ∈ {1, . . . , d} contributes a unit vector on the complex unit circle S1, parametrised769

by its grid frequency ωc = 2π/Lc.770

We set QS = I2d and define KS as a block-diagonal matrix of scaled 2× 2 rotation matrices:771

KS = WS · blkdiag(R(θh,1), . . . , R(θh,d)) , R(θ) =

[
cos θ − sin θ
sin θ cos θ

]
, (29)

where θh,c =
2π
Lc

δh,c encodes the target offset δh = (δh,1, . . . , δh,d) along axis c.772

Computing g(i, i′). Let QS = I2d, since KS is block-diagonal, the spatial inner product decom-773

poses axis-wise:774

g(i, i′) = ⟨pspace
i , KS pspace

i′ ⟩ = WS

d∑
c=1

〈
paxis c
ic , R(θh,c)p

axis c
i′c

〉
. (30)

For each axis c, the rotation R(θh,c) acts on the key embedding as775

R(θh,c)

cos( 2π
Lc

i′c

)
sin

(
2π
Lc

i′c

) =

cos( 2π
Lc

i′c + θh,c

)
sin

(
2π
Lc

i′c + θh,c

) =

cos( 2π
Lc

(i′c + δh,c)
)

sin
(

2π
Lc

(i′c + δh,c)
) , (31)

where the final equality substitutes θh,c = 2π
Lc

δh,c. Taking the inner product with paxis c
ic

and applying776

the identity cosα cosβ + sinα sinβ = cos(α− β) yields777 〈
paxis c
ic , R(θh,c)p

axis c
i′c

〉
= cos

(
2π
Lc

(ic − i′c − δh,c)
)
. (32)

Summing over all d axes gives the closed form778

g(i, i′) = WS

d∑
c=1

cos
(

2π
Lc

(ic − i′c − δh,c)
)
. (33)

Target score. When i′ ≡ i− δh (mod L), the argument of each cosine in (33) satisfies ic − i′c −779

δh,c ≡ 0 (mod Lc), so every term equals 1, as a result:780

gtarget = d ·WS . (34)
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Non-target upper bound. For any i′ not congruent to i− δh (mod L), there exists at least one781

axis c∗ such that ic∗ − i′c∗ − δh,c∗ ̸≡ 0 (mod Lc∗). Since all positions are integer-valued on a782

grid of size Lc∗ , this residue is a nonzero integer, so the argument of the corresponding cosine is783

a nonzero integer multiple of 2π
Lc∗

. Because cosine is strictly less than 1 at any nonzero angle, and784

attains its maximum value closest to zero at ± 2π
Lc∗

, we bound the mismatch axis contribution by785

cos
(

2π
Lc∗

)
≤ cos

(
2π

Lmax

)
, where Lmax = maxc Lc gives the adversarially smallest angular gap. All786

remaining d− 1 axes contribute at most 1 each, so787

gnon-target ≤ WS

(
(d− 1) + cos

(
2π

Lmax

))
. (35)

Enforcing the margin ∆. The spatial gap between the target and the nearest non-target is therefore788

gtarget − gnon-target ≥ WS

(
1− cos

(
2π

Lmax

))
. (36)

Setting this gap to be at least ∆ requires789

WS ≥
∆

1− cos(2π/Lmax)
. (37)

Combined score and uniqueness. The full pre-softmax attention score for a key at time t′ and790

spatial position i′ is the sum of the temporal and spatial components: h(t, t′) + g(i, i′).791

For the target time step t′ = t − 1, the temporal score is exactly zero. (see the Shared Temporal792

Component above). The unique spatial maximizer i′ ≡ i − δh (mod L) achieves the target score793

gtarget = d ·WS , while all competing spatial positions score at most gnon-target ≤ d ·WS −∆.794

For all earlier time steps t′ ≤ t− 2, the temporal penalty is h(t, t′) ≤ −WT . The maximum possible795

spatial score at any position is gtarget = d ·WS . To ensure these older tokens are also suppressed by at796

least the margin ∆ relative to the target score, we require the combined score to satisfy:797

d ·WS −WT ≤ d ·WS −∆ =⇒ WT ≥ ∆. (38)

By setting WT ≥ ∆, the embedding of total dimension dp = 2d+2 = O(d) achieves exact isolation798

of the target offset δh across the entire spatiotemporal context.799

Case 2: Simultaneous Addressing (m > 1). When a head must simultaneously isolate m offsets800

N = {δ1, . . . , δm} ⊂ G, we proceed in three stages: (i) construct a trigonometric polynomial on G801

that peaks exactly at each target offset via Lemma D.2; (ii) embed that polynomial into the positional802

bilinear form via angle-addition; and (iii) verify that the non-degeneracy condition required by the803

lemma holds generically.804

Stage (i): Invoking Lemma D.2. Apply Lemma D.2 with offsets N , prescribed target values805

{s1, . . . , sm} ⊂ R (chosen to be distinct and non-degenerate; see Stage (iii) below), and penalty806

threshold WS > 0. The lemma guarantees the existence of a set Ω of frequency vectors with807

|Ω| ≤ m+ d, and real coefficients {aω, bω}ω∈Ω, such that the trigonometric polynomial808

g(δ) =
∑
ω∈Ω

[
aω cos

(
2π

d∑
j=1

ωjδj
Lj

)
+ bω sin

(
2π

d∑
j=1

ωjδj
Lj

)]
(39)

satisfies g(δh) = sh for all h ∈ {1, . . . ,m}, and g(δ) ≤ −WS for all δ /∈ N .809

Stage (ii): Embedding into the bilinear form. We now show that g(i−i′) can be expressed exactly810

as the positional inner product ⟨QS pspace
i , KS pspace

i′ ⟩ using a spatial embedding of dimension811

dS = 2|Ω| ≤ 2(m+ d).812

For each frequency ω ∈ Ω, define the phase of position i at frequency ω as φω(i) =813

2π
∑d

j=1 ωjij/Lj , so that the argument of each term in (39) factors as814

2π

d∑
j=1

ωj(ij − i′j)

Lj
= φω(i)− φω(i

′). (40)
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Define the 2-dimensional Fourier feature for position i at frequency ω as815

eω(i) =

[
cosφω(i)

sinφω(i)

]
∈ R2. (41)

We construct the spatial embedding by concatenating these features over all ω ∈ Ω:816

pspace
i =

 eω1(i)
...

eω|Ω|(i)

 ∈ R2|Ω|. (42)

Set QS = I2|Ω| and define KS as a block-diagonal matrix with one 2× 2 block per frequency:817

KS = blkdiag
(
Mω1 , . . . , Mω|Ω|

)
, Mω =

[
aω −bω
bω aω

]
. (43)

Note that Mω is a scaled rotation matrix of the form
√
a2ω + b2ω ·R(arctan bω/aω), and is hence a818

direct generalisation of the Case 1 key matrix to arbitrary phase and amplitude.819

Since QS = I and KS is block-diagonal, the inner product decomposes frequency-wise:820

⟨QS pspace
i , KS pspace

i′ ⟩ =
∑
ω∈Ω

eω(i)
⊤ Mω eω(i

′). (44)

For each frequency ω, we expand the block contribution explicitly. By the standard angle-addition821

identities cos(α− β) = cosα cosβ + sinα sinβ and sin(α− β) = sinα cosβ − cosα sinβ:822

eω(i)
⊤ Mω eω(i

′) = [cosφω(i) sinφω(i)]

[
aω −bω
bω aω

] [
cosφω(i

′)
sinφω(i

′)

]
= aω

(
cosφω(i) cosφω(i

′) + sinφω(i) sinφω(i
′)
)

+ bω

(
sinφω(i) cosφω(i

′)− cosφω(i) sinφω(i
′)
)

= aω cos
(
φω(i)− φω(i

′)
)
+ bω sin

(
φω(i)− φω(i

′)
)
. (45)

Summing (45) over all ω ∈ Ω and substituting φω(i) − φω(i
′) = 2π

∑
j ωj(ij − i′j)/Lj recovers823

exactly g(i− i′) as defined in (39):824

⟨QS pspace
i , KS pspace

i′ ⟩ = g(i− i′). (46)

By the interpolation property of Lemma D.2, this inner product evaluates to sh whenever i− i′ ≡ δh825

(mod L), and to at most −WS for all spatial offsets not in N .826

Dimension count. The spatial embedding dimension is dS = 2|Ω| ≤ 2(m+ d). Combined with827

the shared temporal dimension dT = 2, the total positional embedding dimension is828

dp = dT + dS = 2 + 2|Ω| ≤ 2(m+ d) + 2, (47)

matching the bound stated in Case 2 of the theorem.829

Stage (iii): Non-degeneracy of the induced softmax weights. Lemma D.2 requires the prescribed830

target scores s1, . . . , sm to be distinct, but we must also guarantee that their induced softmax weights831

αh ∝ esh form a non-degenerate basis for the Layer 1 MLP. Specifically, the scalar superposition832

z =
∑m

h=1 αhxh must take a distinct value for all V m possible local state configurations x ∈833

{0, . . . , V − 1}m.834

A failure of non-degeneracy occurs if and only if two distinct configurations x ̸= x′ yield the exact835

same superposition:836
m∑

h=1

αh(xh − x′
h) = 0. (48)
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Let δh = xh−x′
h ∈ {−(V −1), . . . , V −1}. Because the softmax weights are defined as αh = esh/Z837

(where Z =
∑

k e
sk is the normalization denominator), we can multiply through by Z to find that838

degeneracy requires:839

m∑
h=1

δhe
sh = 0. (49)

For any fixed pair of distinct configurations x ̸= x′, at least one difference δh ̸= 0. Therefore,840

the function Fx,x′(s) =
∑m

h=1 δhe
sh is a non-trivial, analytic function of the score vector s =841

(s1, . . . , sm) ∈ Rm. By standard properties of analytic functions, the zero set of Fx,x′ is a manifold842

of strictly lower dimension, and thus has Lebesgue measure zero in Rm.843

Since there are exactly
(
V m

2

)
such pairs of distinct configurations, the total set of degenerate score844

configurations is a finite union of these measure-zero zero sets. Consequently, the entire degenerate845

set also has Lebesgue measure zero. Hence, for any fixed spatial offsets, almost every choice of846

target scores s ∈ Rm simultaneously satisfies the interpolation conditions of Lemma D.2 while847

guaranteeing an injective, non-degenerate decoding basis for the Layer 1 MLP.848

Combined score and uniqueness. By Equation (46) and the penalty property of Lemma D.2, the849

full attention score at time t′ = t− 1 is:850

h(t, t− 1) + g(i− i′) =

{
sh if i− i′ ≡ δh (mod L) for some h,

≤ −WS otherwise,
(50)

where we used h(t, t− 1) = 0. All m target offsets simultaneously receive their prescribed scores851

sh ≥ smin, while every non-target spatial position at t′ = t−1 is suppressed below−WS ≤ smin−∆852

(by choosing WS ≥ ∆− smin).853

For keys at earlier timesteps t′ ≤ t − 2, the temporal penalty is h(t, t′) ≤ −WT . Let gmax =854

maxδ∈G g(δ) be the maximum possible spatial score achieved by the trigonometric polynomial. To855

ensure the combined score g + h for these older tokens respects the isolation margin ∆ relative to the856

lowest target score smin, we require:857

gmax −WT ≤ smin −∆ =⇒ WT ≥ gmax − smin +∆. (51)

Because gmax is bounded for any finite trigonometric polynomial, this threshold is finite and achiev-858

able. The spatial embedding of dimension dS = 2|Ω| ≤ 2(m + d) combined with this properly859

scaled temporal penalty thus suffices to route attention simultaneously to all m target offsets.860

861

Example D.6 (Explicit Positional Embedding for 1D Cellular Automata). As a concrete instantiation862

of the simultaneous addressing regime (Case 2 of Theorem D.5) for 1D Elementary Cellular Automata863

(d = 1, neighborhood size m = 3 with offsets {−1, 0, 1}), we can construct the exact projection864

matrices and spatial-aware embeddings using a constant dimension dp = 7. This dimension remains865

independent of both the temporal horizon T and the macroscopic grid size L.866

Proof. Following the block-diagonal decomposition established in Theorem D.5, we partition the867

positional embedding into temporal and spatial components: dp = dT + dS .868

1. Temporal Component (dT = 2): We directly inherit the shared temporal embedding ptime
t =869

[t, 1]⊤ ∈ R2 and the projection matrices QT ,KT exactly as defined in the proof of Theorem D.5.870

This guarantees a temporal inner product h(t, t′) = 0 for the target preceding step t′ = t− 1, and871

h(t, t′) ≤ −WT for all earlier causally visible steps t′ ≤ t− 2.872

2. Spatial Component (dS = 5): Rather than relying on the general O(m+ d) frequency selection,873

we invoke the exact 1D construction from Lemma D.4. Given target scores sR, sC , sL for spatial874

offsets {−1, 0, 1} and a spatial penalty WS ≥ ∆− smin, LemmaD.4 provides explicit coefficients875

a0, a1, a2, b1 for a trigonometric polynomial g(δ) spanning the frequency set Ω = {0, 1, 2}.876
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We embed this polynomial into a 5-dimensional bilinear form. Let QS = I5 and define the spatial877

embedding and key projection matrix as:878

pspace
i =


1

cos( 2πL i)
sin( 2πL i)
cos( 4πL i)
sin( 4πL i)

 ∈ R5, KS = blkdiag
(
a0,

[
a1 −b1
b1 a1

]
,

[
a2 0
0 a2

])
(52)

By applying standard angle-addition identities, the spatial inner product simplifies exactly to our879

target polynomial: ⟨QSp
space
i ,KSp

space
i′ ⟩ = g(i− i′).880

3. Synthesis and Penalty Calibration: The full embedding p(t,i) = [ptime
t ; pspace

i ] ∈ R7 and the block-881

diagonal projections Qpos
0 ,Kpos

0 sum the components to yield the full pre-softmax score: h(t, t′) +882

g(i− i′). As established in Theorem D.5, by setting the temporal penalty WT ≥ max(sL, sC , sR)−883

smin +∆, the temporal decay dominates for all older tokens.884

The resulting attention profile perfectly isolates the 3 spatial parent cells at t− 1 with their prescribed885

distinct scores, while all other causally visible tokens are suppressed by at least the margin ∆. This886

achieves the required generalized spatial awareness using exactly dp = 7 dimensions, comfortably887

satisfying the theoretical upper bound of 2(m+ d) + 2 = 10 derived for the general case.888

Remark D.7 (Extension to the Union Set). Example D.6 explicitly constructs the spatial embedding889

for the m = 3 base neighborhood. To route the full union set U = {−1, 0, 1, 2} required for890

autoregressive alignment, the frequency set expands slightly to satisfy the bound |Ω| ≤ |U|+ d = 5,891

yielding a required embedding dimension of dS = 10. The total positional dimension becomes892

dp = 12, which remains independent of the grid volume L.893

E Decoding and Retrieval894

E.1 Non-Linear Decoding895

This subsection characterizes when a scalar encoding of m discrete values can be decoded exactly896

into an orthogonal representation. The argument proceeds in three steps. Lemma E.1 establishes897

that a linear weighted sum can be made injective over V m discrete configurations. Lemma E.2 then898

shows that no affine map suffices to recover V m mutually orthogonal target vectors from a scalar899

input. Definition E.3 formalizes the interface the decoder must satisfy, and Lemma E.4 constructs an900

explicit 2-layer ReLU MLP that realizes it.901

Connection to Layer 1 attention. Each spatial routing head γ is assigned a partition Sγ ⊆902

{1, . . . , k} of size m = |Sγ |. Using the normalized value projection ws = s/(V − 1) ∈ [0, 1], the903

head outputs the scalar superposition904

zγ =
∑
j∈Sγ

αj wxj
+ ηγ ,

where αj are the softmax attention weights concentrated on the m target cells, and ηγ is bounded905

leakage from non-target positions. The three lemmas below show that: (i) distinct configurations of906

the m cells produce distinguishable values of zγ under a suitable choice of α; (ii) a linear decoder907

cannot map these scalar values to the required orthogonal patterns; and (iii) a compact ReLU MLP908

achieves exact decoding with bounded noise.909

Lemma E.1 (Distinct weighted sums). Let V ≥ 2, m ≥ 1, and let X = {0, . . . , V − 1}m. Define910

the weighted-sum map911

fα(x1, . . . , xm) =

m∑
h=1

αh xh, α ∈ ∆m−1 :=
{
α ∈ Rm

>0 :
∑

h αh = 1
}
.

There exists α ∈ ∆m−1 such that fα is injective on X , i.e., takes V m distinct values. Moreover, the912

set of weight vectors for which fα is not injective has Lebesgue measure zero in ∆m−1.913
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Proof. Injectivity fails if and only if there exist distinct x, x′ ∈ X satisfying
∑m

h=1 αh(xh−x′
h) = 0.914

Setting δh = xh − x′
h ∈ {−(V − 1), . . . , V − 1} (with at least one δh ̸= 0 since x ̸= x′), each such915

pair defines the hyperplane916

Hx,x′ =
{
α ∈ Rm :

∑m
h=1 αhδh = 0

}
through the origin. Because |X |2 is finite, the non-injective set is contained in a finite union of such917

hyperplanes. The intersection of each hyperplane with the (m − 1)-dimensional simplex ∆m−1918

has Lebesgue measure zero, so their finite union has measure zero as well. Hence almost every919

α ∈ ∆m−1 makes fα injective on X .920

In the attention setting, Lemma E.1 guarantees that almost any softmax distribution α over the m target921

positions yields a scalar superposition taking V m distinct noiseless values v0 < v1 < · · · < vV m−1922

with minimum gap δ = minj(vj+1 − vj) > 0.923

Lemma E.2 (Impossibility of affine decoding). Let n ≥ 3 and r ≥ 1 with r + 1 < n. Let924

Z = {z1, . . . , zn} ⊂ Rr be any n distinct points, and let V = {e1, . . . , en} ⊂ Rn be the standard925

basis (mutually orthogonal unit vectors). Then there is no affine map T : Rr → Rn that maps Z926

bijectively onto V .927

Proof. An affine map cannot increase affine dimension, so928

dim
(
aff(T (Z))

)
≤ dim

(
aff(Z)

)
≤ r.

The n standard basis vectors e1, . . . , en are mutually orthogonal and hence affinely independent;929

their affine hull is an (n− 1)-dimensional simplex in Rn. A flat of affine dimension at most r can930

contain at most r + 1 vertices of an (n− 1)-dimensional simplex. Since r + 1 < n by assumption,931

T (Z) cannot contain all n standard basis vectors, contradicting bijectivity onto V .932

Applying Lemma E.2 to the decoding problem: the scalar superposition zγ lies in Rr with r = 1, and933

we need to recover n = V m mutually orthogonal target vectors. The condition r + 1 = 2 < V m934

holds whenever m ≥ 1, V ≥ 3, or m ≥ 2, V ≥ 2. In either regime, the Layer 1 MLP cannot be935

replaced by a linear projection; a non-linear activation is necessary. Definition E.3 below formalizes936

the interface the MLP must satisfy, and Lemma E.4 constructs it explicitly.937

Definition E.3 (Valid MLP decoder). Let n ≥ 1, let v0 < v1 < · · · < vn−1 be n distinct real values938

with minimum gap939

δ = min
j=0,...,n−2

(vj+1 − vj) > 0,

and let ε < δ/4. A valid MLP decoder is a function ϕ : R→ Rn satisfying:940

1. Correct activation: for each j ∈ {0, . . . , n− 1}, if |z − vj | ≤ ε then ϕ(z) = ej .941

2. Suppression: if |z − vj | > δ/4 for all j, then ϕ(z) = 0.942

Because ε < δ/4 < δ/2, any input within ε of vj is at distance greater than δ − ε > 3δ/4 from943

every other vj′ ; in particular it cannot be close to two distinct target values simultaneously. The two944

conditions are therefore consistent, with a “don’t-care” band of width δ/4− ε between the activation945

and suppression regions around each target value.946

In the context of Layer 1, we instantiate Definition E.3 with n = V m, target values {vj} from947

Lemma E.1, and noise tolerance ε = εattn (bounded by Eq. (56) in the proof of Theorem F.1).948

Lemma E.4 below constructs an explicit realization of ϕ with hidden dimension 4n = 4V m.949

Lemma E.4 (Exact pattern encoding via ReLU MLP). Let v0 < v1 < · · · < vn−1 be n distinct real950

values with minimum gap δ > 0, and let ε < δ/4. There exists a 2-layer ReLU MLP with hidden951

dimension 4n that realizes a valid MLP decoder ϕ in the sense of Definition E.3.952

Proof. For each j ∈ {0, . . . , n− 1}, set η = δ/4 and define the trapezoid function953

bj(z) =
1

η

[
σ(z − vj + 2η)− σ(z − vj + η)− σ(z − vj − η) + σ(z − vj − 2η)

]
,
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where σ = max(0, · ) is the ReLU. Each bj uses 4 neurons and satisfies954

bj(z) = 1 when |z − vj | < η, bj(z) = 0 when |z − vj | > 2η.

Correct activation. For the correct index j: |z − vj | ≤ ε < δ/4 = η, so bj(z) = 1.955

Suppression of all other indices. For j′ ̸= j: the minimum gap gives |z − vj′ | ≥ δ − ε > δ − δ/4 =956

3δ/4 = 3η > 2η, so bj′(z) = 0.957

The first layer therefore computes the n-dimensional indicator 1[j] using 4n neurons in total. The958

second layer is the fixed n × n identity projection, mapping 1[j] to ej ∈ Rn. Hence ϕ(z) = ej959

whenever |z − vj | ≤ ε and ϕ(z) = 0 whenever |z − vj | > 2η for all j, satisfying both conditions of960

Definition E.3.961

In the Layer 1 architecture, each of the h routing heads contributes one scalar zγ and one copy of the962

MLP above (with n = V |Sγ |), for a total first-layer hidden dimension of 4hV m. The concatenated963

outputs [ej1 ; . . . ; ejh ] ∈ RhV m

are written into block B3 of the hidden state and serve as the exact964

one-hot neighborhood encodings consumed by the Layer 2 retrieval head.965

966

Remark E.5. The O(V m) hidden-dimension bound is tight for 2-layer ReLU MLPs: distinguishing967

V m configurations via scalar superpositions requires V m distinct indicator functions. Deeper MLPs968

can represent the same V m-way classification with exponentially smaller width via standard depth-969

width tradeoffs [30, 15, 25], but our construction uses a 2-layer MLP to match the overall 2-layer970

transformer architecture. The O(V m) width requirement is therefore a consequence of the depth971

constraint, not an intrinsic property of the spatial routing problem.972

E.2 Content-Based Retrieval973

After Layer 1, each token (t′, i′) in the context carries two pieces of information:974

• a pattern encoding qt′,i′ , the concatenation of h vectors encoding the local neighborhood975

configuration, one per spatial partition. In the partitioned regime (m > 1), these are exact976

one-hot vectors produced by the Layer 1 MLP. In the distributed regime (m = 1), these are977

noisy one-hot vectors produced directly by the Layer 1 value projection; and978

• a state embedding e(xt′,i′) ∈ {0, 1}V , the one-hot representation of the cell’s own discrete979

state.980

In the full architecture (Appendix F, proof of Theorem F.1), qt′,i′ occupies block B3 and the retrieved981

output is written to block B4 of the hidden representation defined in equation (55); we use abstract982

notation here to keep the statements self-contained.983

The goal of Layer 2 is to find context tokens whose pattern encoding qt′,i′ matches the query token’s984

pattern encoding qt,i, and read off the associated state e(xt′,i′).985

Lemma E.6 establishes the noise tolerance required for inner-product matching to succeed in the986

distributed regime. Definition E.8 then formalizes the retrieval interface in terms of an abstract score987

gap G > 0, covering both the partitioned and distributed regimes uniformly; Lemma E.9 shows it is988

realized by a single attention head; and Corollary E.10 establishes that the resulting approximation989

error cannot cross any argmax decision boundary.990

Lemma E.6 (Noise tolerance for inner-product matching). Let m ≥ 1, V ≥ 2, and ϵ ∈ [0, 1). For991

q ∈ RmV , write q = (q1, ..., qm) as the concatenation of m blocks qh ∈ RV , and call q ideal if992

each block is a one-hot vector in {0, 1}V . For ideal q, q′ and perturbations ϵ, ϵ′ whose ℓ1 mass on993

non-target coordinates is at most ϵ per block,994

⟨q + ϵ, q′ + ϵ′⟩
{
≥ m− 2mϵ if q = q′,

≤ (m− 1) + 2mϵ if q ̸= q′.
(53)

The matching and non-matching ranges are strictly separated if and only if ϵ < 1
4m .995

Proof. Let the noise on each block satisfy ||ϵh||1, ||ϵ′h||1 ≤ ϵ on non-target coordinates.996
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Matching case. Since each block of q is one-hot, ⟨q, q⟩ = m. The cross terms ⟨q, ϵ′⟩ and ⟨ϵ, q⟩ each997

contribute at most mϵ in absolute value, yielding ⟨q + ϵ, q + ϵ′⟩ ≥ m− 2mϵ.998

Non-matching case. If q ̸= q′, at least one block satisfies qh ̸= q′h, contributing ⟨qh, q′h⟩ = 0. The999

remaining m− 1 blocks contribute at most 1 each, and the noise cross terms add up to at most 2mϵ,1000

giving ⟨q + ϵ, q′ + ϵ′⟩ ≤ (m− 1) + 2mϵ.1001

Separation. Strict separation requires m − 2mϵ > (m − 1) + 2mϵ, equivalent to ϵ < 1
4m . Both1002

bounds are tight (achieved by appropriate choices of ϵ, ϵ′ and non-matching configurations), so the1003

condition is necessary as well.1004

Remark E.7 (Gap computation for the distributed regime). In the distributed regime (m = 1), the1005

pre-softmax score is c⟨q + ϵ, q′ + ϵ′⟩ where q, q′ are ideal one-hot concatenations of k blocks and1006

ϵ, ϵ′ are noise perturbations with per-block leakage ϵ. By Lemma E.6, matching patterns score at1007

least c(k − 2kϵ) and non-matching patterns score at most c((k − 1) + 2kϵ), yielding a score gap1008

of G = c(1 − 4kϵ) in the sense of Definition E.8. This gap is positive whenever ϵ < 1/(4k), and1009

Lemma E.9 then applies with this reduced gap.1010

Definition E.8 (Valid retrieval head). Let k ≥ 1, Nseq > k, and G > 0 be a score gap. Suppose1011

we are given a query token and a sequence of Nseq context tokens, each carrying a value vector1012

ui ∈ {0, 1}V for i = 1, . . . , Nseq. Let {ri}
Nseq

i=1 denote the pre-softmax attention scores of the query1013

against the context. A valid retrieval head computes the softmax-weighted average1014

ŷ =

Nseq∑
i=1

eri∑Nseq

j=1 erj
ui,

satisfying:1015

1. Score gap: exactly k context tokens are matching and the remaining Nseq − k are non-1016

matching. Every matching token’s score exceeds every non-matching token’s score by at1017

least G: that is, ri − rj ≥ G for all matching i and non-matching j.1018

2. Bounded retrieval error: if all k matching tokens share the same value vector ui = u∗,1019

then1020 ∥∥ŷ − u∗∥∥ ≤ 2 εret, εret :=
(Nseq − k) e−G

k + (Nseq − k) e−G
.

Instantiating the score gap. The gap G is the only quantity that matters for retrieval accuracy; its1021

specific value depends on the routing regime.1022

• Partitioned regime (m > 1, exact encodings): Setting ri = c ⟨q0, qi⟩ where q0, qi ∈1023

{0, 1}hV m

are concatenations of h one-hot blocks, the inner product counts the number of1024

agreeing blocks. Matching tokens (qi = q0) score ch; non-matching tokens score at most1025

c(h− 1), yielding G = c.1026

• Distributed regime (m = 1, noisy encodings): Setting ri = c ⟨q0 + ϵ0, qi + ϵi⟩ where ϵ1027

terms are noise perturbations with per-block leakage ϵ, Lemma E.6 and Remark E.7 give1028

G = c(1− 4kϵ), which is positive when ϵ < 1/(4k).1029

Connection to the architecture. Setting W
(2)
Q = c · ΠB3,Q

, W (2)
K = ΠB3,K

, and W
(2)
V = ΠB1 in1030

Layer 2 realizes condition 1 in both regimes with the appropriate gap G. Let f : Sk → S be the1031

deterministic local rule from Definition 3.1. Because f is deterministic, every context token whose1032

pattern encoding matches the query (i.e.Nt′,i′ = Nt,i) shares the same value vector v∗ = e(f(Nt,i)),1033

so condition 2 applies with k equal to the number of such context tokens. Causal masking ensures all1034

retrieved context tokens correspond to completed time steps.1035

Lemma E.9 (Retrieval via score-gap matching). Under the setting of Definition E.8 with score gap1036

G > 0, the bounded retrieval error condition holds with1037

εret ≤
(Nseq − k) e−G

k + (Nseq − k) e−G
.
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Proof. Let r+min denote the minimum score among the k matching tokens. By condition 1, every1038

non-matching token scores at most r+min −G. The total softmax weight on all matching tokens is1039

therefore1040

wmatch ≥
k er

+
min

k er
+
min + (Nseq − k) er

+
min−G

=
k

k + (Nseq − k) e−G
.

All matching tokens carry the same value vector v∗, so the attention output satisfies ŷ = wmatch v
∗ +1041

(1− wmatch) r for some residual r with ∥r∥ ≤ 1. Hence1042

∥ŷ − v∗∥ = (1− wmatch) ∥r − v∗∥ ≤ 2 (1− wmatch) ≤
2(Nseq − k) e−G

k + (Nseq − k) e−G
= 2 εret,

where the first inequality uses ∥r − v∗∥ ≤ ∥r∥+ ∥v∗∥ ≤ 2 since both vectors have norm at most 1.1043

No MLP is required in Layer 2.1044

Corollary E.10 (Exact argmax classification). If εret <
√
2/4, then argmax(ŷ) = argmax(v∗);1045

that is, the predicted cell state is exactly correct.1046

Proof. The V standard basis vectors in RV are pairwise at Euclidean distance
√
2. The decision1047

boundary between any two of them lies at distance
√
2/2 from each. By Lemma E.9, ∥ŷ−v∗∥ ≤ 2εret.1048

The condition 2εret <
√
2/2, which holds when εret <

√
2/4, ensures that ŷ remains strictly closer1049

to v∗ than to any other basis vector, so the argmax is correct.1050

Controlling εret via G. The leakage εret is strictly decreasing in the score gap G > 0 and satisfies1051

εret → 0 as G→∞. The condition εret <
√
2/4 is therefore achieved by choosing1052

G > log
(

2
√
2(Nseq−k)

k

)
,

which is finite for any Nseq < ∞. Since G can be made arbitrarily large by increasing the query1053

scaling constant c (and, in the distributed regime, by decreasing ϵ via a larger margin ∆), this1054

threshold is always achievable.1055

F Proof of Main Theorem1056

Theorem F.1 (Spatial In-Context Learning). For any local dynamical system defined over a d-1057

dimensional grid with axis sizes L1, . . . , Ld ≥ 2, neighborhood size k, state space cardinality V ≥ 2,1058

and context window of Nseq > k tokens, let ε > 0 be an error tolerance and let h ∈ {1, . . . , |U|}1059

be the number of spatial routing heads in Layer 1. Let the maximum spatial partition size be1060

m = ⌈|U|/h⌉. There exists a 2-layer causal transformer that exactly predicts the system’s evolution,1061

with the following architectural constraints:1062

• Layer 1 Routing: h attention heads operating on spatial-aware embeddings. If m = 1, the1063

required embedding dimension is exactly dp = 2d+ 2. If m > 1, the dimension is bounded1064

by dp ≤ 2(m+ d) + 2.1065

• Layer 1 Decoding: A 2-layer ReLU MLP to process spatial combinations. If m = 1, the1066

MLP is not necessary (the routing is purely linear). If m > 1, the first layer requires a hidden1067

dimension of exactly 4hV m neurons; the second layer projects to an output dimension of1068

2hV m, writing two concatenated marginalized one-hot vectors per head into sub-blocks1069

B3,K and B3,Q.1070

• Layer 2 Retrieval: 1 attention head using linear Hamming matching, requiring no MLP.1071

• Total Dimension: The required representation dimension D is independent of the macro-1072

scopic grid volume L. Specifically:1073

D ≤
{
2(h+ 1)V + 2d+ 2 if m = 1 (Fully Distributed)
2hV m + 2(m+ V + d) + 2 if m > 1 (Partitioned)

(54)
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Proof Roadmap. The proof assembles three modular stages whose supporting lemmas are proved1074

in Appendices D and E.1.1075

Step 1. Spatial Routing (Layer 1 Attention). Each of the h attention heads isolates a spatial parti-1076

tion of size m = ⌈|U|/h⌉ using the spatial-aware embeddings of Theorem D.5 (constructed1077

via the trigonometric interpolation of Lemma D.2). The pre-softmax isolation margin ∆1078

controls the attention leakage εattn (Eq. 56). In the partitioned case (m > 1), we require1079

εattn < δ/4 to feed the MLP in Step 2; in the distributed case (m = 1), we instead require1080

εattn < 1/(4k) for the noise tolerance of Lemma E.6.1081

Step 2. Non-Linear Decoding (Layer 1 MLP; m > 1 only). Lemma E.1 guarantees that the1082

weighted superposition from Step 1 takes V m distinct values with minimum gap δ > 0.1083

Lemma E.2 shows that no affine map can decode these into mutually orthogonal targets, and1084

Lemma E.4 constructs an explicit 2-layer ReLU MLP with 4V m hidden neurons per head1085

that achieves exact decoding whenever εattn < δ/4. When m = 1 this step is unnecessary.1086

Step 3. Content-Based Retrieval (Layer 2 Attention). In both regimes, Steps 1–2 establish a1087

score gap G > 0 between matching and non-matching pattern encodings in B3: G = c for1088

exact encodings (partitioned) or G = c(1− 4kϵ) for noisy encodings (distributed). A single1089

attention head performs retrieval via Definition E.8. Lemma E.9 bounds the retrieval error1090

εret in terms of G, and Corollary E.10 guarantees exact argmax classification whenever G1091

exceeds a finite threshold. No Layer 2 MLP is required.1092

F.1 Proof of Theorem F.1 (Spatial In-Context Learning)1093

We use the dynamical environment notation (V , k, d, W , Nt,i,NK ,NQ) from Section 3 and the1094

spatial partitions Sγ with maximum size m = ⌈|U|/h⌉ from Definition 4.1. We let Nseq denote the1095

total context window length. With the mechanics of routing, decoding, and retrieval established, we1096

now synthesize these components into the complete two-layer architecture. This proof proceeds as a1097

modular roadmap, invoking supporting lemmas whose statements and proofs are deferred to the1098

preceding appendices.1099

1100

Remark F.2 (Layer normalization Simplification.). Layer normalization is applied before attention1101

in practice, introducing per-token scaling factors into the attention scores. Our constructions are1102

provided for Transformers without layer normalization. Operating in this simplified regime is1103

reasonable because we could scale the positional encoding pt,i by a sufficiently large constant γ,1104

so that ∥ht,i∥2 ≈ γ∥pt,i∥2 for all tokens. Since the non-positional components of ht,i are O(1)-1105

bounded, the per-token norm variations become O(1/γ)-negligible, and layer normalization reduces1106

to a near-uniform scaling that does not affect the constructions. This technique follows ? ].1107

Proof. Step 0: Hidden Representation. We begin by defining the initial hidden representation1108

h
(0)
t,i ∈ RD for each token (t, i). We partition the representation into functional blocks:1109

h
(0)
t,i =

e(xt,i)︸ ︷︷ ︸
B1:RV

; pt,i︸︷︷︸
B2:Rdp

; 0︸︷︷︸
B3:R2h·V m

; 0︸︷︷︸
B4:RV

 (55)

where e(v) is the standard one-hot basis vector for the cell state, and pt,i is the spatial-aware1110

embedding of dimension dp.1111

Each block serves a distinct functional role in the two-layer circuit:1112

• B1 stores the one-hot state embedding of each cell, which Layer 2 reads as its value1113

projection to retrieve the output associated with a matched neighborhood.1114

• B2 stores the positional embedding consumed by the Layer 1 query and key projections for1115

spatial routing.1116

• B3 is the intermediate scratch space into which Layer 1 writes the decoded neighborhood1117

identities. To satisfy the disjoint autoregressive query and key constraints, we partition1118
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this block into two concatenated sub-blocks: B3,K (for NK) and B3,Q (for NQ). It is1119

dimensioned to accommodate h independent writes of maximum size V m per sub-block,1120

one per routing head: after the Layer 1 MLP and marginalization projection, the γ-th sub-1121

block of B3,K contains a one-hot vector eγ,K ∈ RV |Sγ∩NK |
and the γ-th sub-block of B3,Q1122

contains a one-hot vector eγ,Q ∈ RV |Sγ∩NQ|
indicating which of the up to V m possible1123

local state configurations was identified by head γ for each respective neighborhood. Layer 21124

then reads B3,Q as its query and B3,K as its key to perform content-based pattern matching.1125

• B4 is the output slot into which Layer 2 writes its retrieved result: a (possibly noisy) one-hot1126

vector ŷ ≈ e(f(Nt,i)) ∈ RV encoding the predicted next state.1127

Step 1: Partitioned Spatial Routing (Layer 1 Attention). We distribute the |U| distinct relative1128

spatial offsets of the union routing set U across h mutually exclusive subsets S1, . . . , Sh as defined1129

in Definition 4.1, with |Sγ | ≤ m = ⌈|U|/h⌉ for all γ. Each head γ is responsible for attending to1130

the cells at positions (t − 1, i + δj)j∈Sγ
(the target parent cells of head γ) in the causally visible1131

preceding time step.1132

For each head γ, we construct spatial query and key projections using the spatial-aware embeddings1133

of Theorem D.5, which guarantee a pre-softmax isolation margin ∆ > 0: every non-target position1134

ℓ /∈ Sγ receives score sℓ ≤ smin −∆, where smin = minj∈Sγ sj .1135

Leakage bound. Let εattn = 1 −
∑

j∈Sγ
αj be the total softmax weight on non-target positions.1136

Bounding the denominator of each αj :1137

Nseq∑
i=1

esi ≤ mesmin︸ ︷︷ ︸
target upper bound

+ (Nseq −m) esmin−∆︸ ︷︷ ︸
non-target upper bound

= esmin
[
m+ (Nseq −m) e−∆

]
.

Since each target score sj ≥ smin, summing over Sγ :1138 ∑
j∈Sγ

αj ≥
mesmin

esmin [m+ (Nseq −m) e−∆]
=

me∆

me∆ + (Nseq −m)
,

so the leakage satisfies1139

εattn ≤
Nseq −m

me∆ + (Nseq −m)
. (56)

Step 2 requires εattn < δ/4, where δ = minj(vj+1 − vj) is the minimum gap between distinct1140

noiseless superposition values (Lemma E.1). Solving (56) < δ/4 for ∆:1141

Nseq −m

me∆ + (Nseq −m)
<

δ

4
⇐= ∆ > log

(
4(Nseq −m)

mδ

)
.

Since ws = s/(V −1) ∈ [0, 1] and α ∈ ∆m−1, the noiseless superposition satisfies z∗γ ∈ [0, 1], so the1142

V m distinct values from Lemma E.1 have minimum gap δ ≤ 1/(V m − 1) ≤ 1; the factor (4− δ)/δ1143

in the exact threshold is bounded above by 4/δ, making the above a valid sufficient condition. Since1144

δ, m, and Nseq are all finite, the threshold is finite, and since ∆ is a free parameter of Theorem D.5 it1145

can always be set to satisfy it.1146

Using the normalized value projection WV e(s) = ws = s/(V−1) ∈ [0, 1] (as defined in Lemma E.4),1147

the value projection aggregates the target cells into the scalar superposition:1148

zγ =
∑
j∈Sγ

αjwxt,j + ηγ , |ηγ | ≤ εattn,

where ηγ =
∑

j /∈Sγ
αjwxt,j is the leakage from non-target positions, bounded by εattn since ws ≤ 11149

for all s. By Lemma E.1, the noiseless value z∗γ =
∑

j∈Sγ
αjwxt,j is one of V m distinct values1150

{vj} with minimum gap δ = minj(vj+1 − vj) > 0. Therefore the noisy superposition satisfies1151

|zγ − vj | ≤ εattn for the correct configuration j, which is precisely the condition required by1152

Lemma E.4 in Step 2. Distributed case (m = 1). When h = |U|, each head routes a single cell and1153

Step 2 is mathematically unnecessary. The layer 1 linear value projection W
(1)
V directly maps the1154
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cell state e(xt,j) to the corresponding coordinate in B3,K (if j ∈ NK), B3,Q (if j ∈ NQ), or both.1155

Because the attention weight on the target cell is 1− εattn rather than exactly 1, the actual write to1156

B3 is a noisy perturbation, meaning the B3 vectors are noisy one-hot representations with per-head1157

leakage ϵ ≤ εattn. Layer 2 subsequently extracts and matches exactly k cells from B3,Q against1158

B3,K . For Layer 2 to correctly distinguish matching from non-matching neighborhood patterns over1159

these k alignments despite the noise, Lemma E.6 requires ε < 1
4k . Substituting into the leakage1160

bound (56) with m = 1 yields:1161

Nseq − 1

e∆ +Nseq − 1
<

1

4k
=⇒ ∆ > log((4k − 1)(Nseq − 1)) (57)

Since ∆ is a free parameter of Theorem D.5, this threshold is always achievable.1162

Step 2: Non-Linear Sub-Configuration Decoding (Layer 1 MLP). Following the spatial partition1163

outlined in Definition 4.1, unless h = |U|, the spatial features within each partition are algebraically1164

entangled in the superposition zγ . By Lemma E.1, there exist attention weights such that all V |Sγ |1165

configurations produce distinct values {vj} with minimum gap δ > 0, establishing the condition1166

required by Lemma E.1. We independently apply Lemma E.4 to each head’s output zγ . The first1167

layer of the required 2-layer ReLU MLP constructs a trapezoid function centered at each distinct1168

target value, requiring exactly 4V |Sγ | hidden neurons per head. Across all h heads, the total Layer 11169

MLP hidden dimension is bounded by 4hV m. This first layer decodes the scalar into a single internal1170

one-hot vector representing the exact joint configuration of the cells in Sγ .1171

To isolate the distinct neighborhoods required for autoregressive alignment, the second linear layer of1172

the MLP acts as a marginalization projection via binary incidence matrices. Rather than projecting to1173

a single basis, it maps the internal joint one-hot vector into two separate marginal one-hot vectors:1174

the first represents the state of Sγ ∩ NK and is written to the γ-th sub-block of B3,K ; the second1175

represents the state of Sγ ∩NQ and is written to the γ-th sub-block of B3,Q. Across all h heads, this1176

projects the result as two exact, concatenated one-hot vectors cK , cQ ∈ Rh·V m

into B3,K and B3,Q,1177

respectively. This continuous parameterization recovers the isolated mechanisms:1178

• Bottlenecked Regime (h = 1): The partition size is m = |U|. Step 2 requires an MLP width1179

of 4V |U|, recovering the exact non-linear decoding mechanism necessary to disentangle the1180

maximum spatial overlap.1181

• Parallel Regime (h = |U|): The partition size is m = 1. Each head’s scalar output zγ1182

directly encodes a single cell state xγ , and no non-linear MLP is required (0 hidden neurons).1183

The marginalization into B3,K and B3,Q is achieved purely via the linear value projection.1184

The residual attention leakage is controlled by the margin condition (57) established in1185

Step 1, which ensures Layer 2 pattern separability via Lemma E.6.1186

Step 3: Content-Based Retrieval (Layer 2 Attention). After Steps 1–2, the pattern encodings in1187

B3,Q and B3,K are available (exact in the partitioned regime, noisy in the distributed regime), and1188

the state embedding e(xt′,i′) is available from B1. We set W (2)
Q = c · ΠB3,Q

, W (2)
K = ΠB3,K

, and1189

W
(2)
V = ΠB1

.1190

Because the rule f is deterministic, every context token satisfying NK,t′,i′ = NQ,t,i carries the1191

identical value vector e(f(Nt,i)), and causal masking ensures all such tokens correspond to completed1192

time steps. In both regimes, matching tokens score higher than non-matching tokens by a gap G > 0:1193

• Partitioned case (m > 1): The MLP produces exact one-hot encodings, so c⟨q(Q), q(K)⟩1194

equals ch for matching and at most c(h− 1) for non-matching, giving G = c.1195

• Distributed case (m = 1): The encodings are noisy one-hot vectors with per-block leakage1196

ϵ ≤ εattn. By Lemma E.6 and Remark E.7, the score gap is G = c(1 − 4kϵ), which is1197

positive by the margin condition (57).1198

By Lemma E.9 applied with gap G, the Layer 2 output ŷ written to B4 satisfies1199

||ŷ − e(f(Nt,i))|| ≤ 2εret, εret ≤
(Nseq − k) e−G

k + (Nseq − k)e−G
. (58)
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No MLP is required in Layer 2.1200

Error budget. We verify that ∆ and c can always be chosen to satisfy the error tolerance ε > 0.1201

Layer 1 (∆). By equation (56), the attention leakage satisfies1202

εattn ≤
Nseq −m

me∆ +Nseq −m
,

which is decreasing in ∆. Two regimes arise based on the spatial partition of U :1203

• Partitioned case (m > 1): The condition εattn < δ/4 required by Lemma E.4 is met1204

whenever ∆ > log
( 4(Nseq−m)

mδ

)
. Under this condition the MLP output is exactly ej for each1205

head γ, so the marginalized encodings qt,i in B3,Q and B3,K are exact and contribute zero1206

error to Step 3.1207

• Distributed case (m = 1): No MLP is applied, so B3 carries noisy one-hot vectors.1208

Lemma E.6 requires per-head leakage ϵ < 1
4k for Layer 2 separability. which is met1209

whenever ∆ > log
(
(4k − 1)(Nseq − 1)

)
(equation (57)).1210

In both cases, ∆ is a free parameter of Theorem D.5, so the required threshold is always achievable.1211

Layer 2 (G). With a score gap G > 0 established in Step 3, Lemma E.9 bounds the retrieval leakage1212

by1213

εret ≤
(Nseq − k) e−G

k + (Nseq − k) e−G
.

In the partitioned case G = c; in the distributed case G = c(1−4kϵ) where ϵ < 1/(4k) is guaranteed1214

by the margin condition on ∆. For the general ε-error bound, 2εret ≤ ε is achieved whenever1215

G > log
(

2(Nseq−k)
kε

)
.

For exact argmax classification (cell-level accuracy), Corollary E.10 requires only εret <
√
2/4,1216

achieved by the stricter-but-still-finite threshold1217

G > log
(

2
√
2(Nseq−k)

k

)
.

Since c is a free parameter and ϵ can be made arbitrarily small by increasing ∆, the gap G can1218

always be made large enough to satisfy either threshold, confirming the existence of the claimed1219

transformer.1220

G Experimental Details1221

This appendix provides full hyperparameters and data generation procedures for all experiments1222

reported in Section 5.1223

G.1 Common Training Configuration1224

All models are decoder-only GPT-style transformers with Pre-LayerNorm, causal masking, and1225

learned absolute positional embeddings. Each block consists of multi-head attention followed by an1226

MLP (Linear→ GELU→ Linear) with hidden dimension 4D, both with residual connections and1227

layer normalization. The token embedding and the output projection head are untied.1228

We optimize with AdamW (β1=0.9, β2=0.999) using cosine learning rate decay with linear1229

warmup. Gradients are clipped to a global norm of 1.0. Training uses bf16 mixed precision1230

with torch.compile. The cross-entropy loss is computed only on cell tokens whose time step index1231

is at least M (the number of context steps); separator tokens are never predicted. All runs use seed 421232

for both data generation and model initialization.1233

G.2 Per-Model Hyperparameters1234

Table 6 summarizes the architecture and training configuration for each model. We highlight several1235

setting-specific choices below.1236
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1D, V=2, k=3 (ECA). Models (a) and (b) train for 500 epochs with batch size 1024 and learning1237

rate 10−3. No dropout or attention temperature annealing is used.1238

1D, V=3, k=3. Model (c) uses a 4-layer architecture with 3 heads per layer. Model (d) uses the1239

same 2-layer, 3+1 configuration as the ECA setting but trains for 300 epochs.1240

2D Von Neumann, k=5. The 2D setting requires several additional techniques. Model (e) uses1241

dropout of 0.2 on residual connections, attention outputs, and MLP layers. Both models (e) and (f) use1242

attention temperature annealing: a query scaling factor Tq is linearly decreased from 1.0 to 0.1 over1243

the first 80% of training and held constant thereafter, which sharpens attention distributions. Model1244

(g) additionally incorporates a 2D relative positional bias: a learned scalar B[∆t,∆r,∆c] indexed1245

by relative time step, row, and column offsets on the T×L1×L2 = 12×6×6 grid is added to the1246

pre-softmax attention logits. Pairs involving separator tokens use a separate learned bias Bsep[∆t].1247

Table 6: Hyperparameters for all experimental settings.

Setting Layers Heads D Batch LR WD Epochs Dropout Anneal

(a) 1D V=2 2 1,1 512 1024 1e-3 0.2 500 0 –
(b) 1D V=2 2 3,1 384 1024 1e-3 0.2 500 0 –
(c) 1D V=3 4 3×4 576 512 1e-3 0.2 500 0 –
(d) 1D V=3 2 3,1 384 1024 1e-3 0.2 300 0 –
(e) 2D VN 4 5×4 640 512 3e-3 0.2 500 0.2 1.0→0.1
(f) 2D VN 2 5,1 640 512 3e-3 0.2 1000 0 1.0→0.1
(g) 2D VN+RPE 2 5,1 640 512 3e-3 0.2 1000 0 1.0→0.1

G.3 Data Generation1248

G.3.1 Tokenization1249

For 1D settings, each row of L cells is serialized as L cell tokens separated by a single [SEP] token1250

between consecutive time steps. The vocabulary size is V + 1. For 2D settings, each L1 × L21251

grid is flattened in row-major order with a [ROW_SEP] between rows within one time step and a1252

[TIME_SEP] between time steps, yielding a vocabulary of V + 2. In all cases, the loss mask covers1253

only cell tokens at time steps t ≥M .1254

G.3.2 1D V=2 (ECA)1255

Grid size L=16, T=10 time steps, M=4 context steps. The full ECA rule space (256 rules)1256

is partitioned into equivalence classes under reflection and bit-complement symmetry, with one1257

canonical representative per class. An 80/20 split of canonical rules defines the train and test rule1258

pools. We generate 120k training and 20k test trajectories, each from a uniformly random binary1259

initial row evolved for T−1 steps. Samples are rejected unless the first M−1 rows expose all 23 = 81260

possible 3-bit neighborhood patterns, ensuring in-context observability.1261

G.3.3 1D V=31262

Grid size L=32, T=12 steps, M=8 context steps. The rule space (327 ≈ 7.6 × 1012) is sampled1263

rather than enumerated. Rules are drawn via lambda-stratified sampling: we compute Langton’s1264

λ for each candidate rule, partition the λ range into 4 bins, and rejection-sample until each bin is1265

equally represented. Candidate rules are discarded if random initial conditions cannot expose all1266

V k = 27 neighborhood configurations within M−1 rows. Rules are canonicalized under reflection1267

and state-permutation symmetry (SV ). We use 200 train rules and 50 held-out test rules, generating1268

120k training and 20k test trajectories with uniform sampling over rules.1269

G.3.4 2D Von Neumann1270

Grid size 6 × 6, V=2, k=5 (center plus four cardinal neighbors), T=12 steps, M=8 context1271

steps. The rule space is 22
5

= 232. Rules are sampled with lambda-balanced sampling across 41272

Langton λ bins and canonicalized under the Von Neumann symmetry group (rotations, reflections,1273

bit-complement). We use 200 train rules and 50 test rules, generating 500k training and 20k test1274
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trajectories. Each trajectory receives a fresh random rule from the training pool, providing strong rule1275

augmentation. The total sequence length is T · (L1L2 + L1 − 1) + (T − 1) = 503 tokens.1276

G.4 Evaluation1277

We report three metrics on held-out test sets (unseen rules and trajectories): (1) cell accuracy, the1278

fraction of individual cells predicted correctly; (2) sequence accuracy, the fraction of test sequences1279

where every cell across all prediction steps is correct; and (3) autoregressive accuracy, the sequence1280

accuracy when the model generates entire trajectories by feeding its own predictions back as input1281

for T −M steps. Separator tokens are inserted at known positions during autoregressive generation.1282

Autoregressive evaluation is performed on a subset of 100 to 500 test samples.1283

G.5 Compute Resources1284

All experiments were conducted on a heterogeneous SLURM cluster using a single GPU per run,1285

primarily NVIDIA RTX A6000 (48 GB), with PyTorch 2.5.1, CUDA 12.1, and bf16 mixed precision.1286

The 1D models each train in under 10 GPU-hours, while the 2D models require 55 to 75 GPU-hours1287

due to longer sequences and more training epochs. The total training cost across all seven models1288

in Table 1 is approximately 207 GPU-hours. Data generation and evaluation costs are negligible by1289

comparison (under 2 hours total on CPU and GPU combined).1290
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NeurIPS Paper Checklist1291

1. Claims1292

Question: Do the main claims made in the abstract and introduction accurately reflect the1293

paper’s contributions and scope?1294

Answer: [Yes]1295

Justification: All claims in the abstract and introduction are supported by formal proofs and1296

experimental results.1297

Guidelines:1298

• The answer [N/A] means that the abstract and introduction do not include the claims1299

made in the paper.1300

• The abstract and/or introduction should clearly state the claims made, including the1301

contributions made in the paper and important assumptions and limitations. A [No] or1302

[N/A] answer to this question will not be perceived well by the reviewers.1303

• The claims made should match theoretical and experimental results, and reflect how1304

much the results can be expected to generalize to other settings.1305

• It is fine to include aspirational goals as motivation as long as it is clear that these goals1306

are not attained by the paper.1307

2. Limitations1308

Question: Does the paper discuss the limitations of the work performed by the authors?1309

Answer: [Yes]1310

Justification: The paper acknowledges that 2D models achieve lower accuracy than 1D.1311

Guidelines:1312

• The answer [N/A] means that the paper has no limitation while the answer [No] means1313

that the paper has limitations, but those are not discussed in the paper.1314

• The authors are encouraged to create a separate “Limitations” section in their paper.1315

• The paper should point out any strong assumptions and how robust the results are to1316

violations of these assumptions (e.g., independence assumptions, noiseless settings,1317

model well-specification, asymptotic approximations only holding locally). The authors1318

should reflect on how these assumptions might be violated in practice and what the1319

implications would be.1320

• The authors should reflect on the scope of the claims made, e.g., if the approach was1321

only tested on a few datasets or with a few runs. In general, empirical results often1322

depend on implicit assumptions, which should be articulated.1323

• The authors should reflect on the factors that influence the performance of the approach.1324

For example, a facial recognition algorithm may perform poorly when image resolution1325

is low or images are taken in low lighting. Or a speech-to-text system might not be1326

used reliably to provide closed captions for online lectures because it fails to handle1327

technical jargon.1328

• The authors should discuss the computational efficiency of the proposed algorithms1329

and how they scale with dataset size.1330

• If applicable, the authors should discuss possible limitations of their approach to1331

address problems of privacy and fairness.1332

• While the authors might fear that complete honesty about limitations might be used by1333

reviewers as grounds for rejection, a worse outcome might be that reviewers discover1334

limitations that aren’t acknowledged in the paper. The authors should use their best1335

judgment and recognize that individual actions in favor of transparency play an impor-1336

tant role in developing norms that preserve the integrity of the community. Reviewers1337

will be specifically instructed to not penalize honesty concerning limitations.1338

3. Theory assumptions and proofs1339

Question: For each theoretical result, does the paper provide the full set of assumptions and1340

a complete (and correct) proof?1341

Answer: [Yes]1342
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Justification: All theorems and lemmas are numbered and cross-referenced. Assumptions1343

are stated in the theorem statements. Proof sketches are provided in the main paper and1344

complete formal proofs are deferred to Appendices C, D, and E.1345

Guidelines:1346

• The answer [N/A] means that the paper does not include theoretical results.1347

• All the theorems, formulas, and proofs in the paper should be numbered and cross-1348

referenced.1349

• All assumptions should be clearly stated or referenced in the statement of any theorems.1350

• The proofs can either appear in the main paper or the supplemental material, but if1351

they appear in the supplemental material, the authors are encouraged to provide a short1352

proof sketch to provide intuition.1353

• Inversely, any informal proof provided in the core of the paper should be complemented1354

by formal proofs provided in appendix or supplemental material.1355

• Theorems and Lemmas that the proof relies upon should be properly referenced.1356

4. Experimental result reproducibility1357

Question: Does the paper fully disclose all the information needed to reproduce the main ex-1358

perimental results of the paper to the extent that it affects the main claims and/or conclusions1359

of the paper (regardless of whether the code and data are provided or not)?1360

Answer: [Yes]1361

Justification: All the information needed to reproduce the experimental results are provided1362

in section 5 and appendix F1363

Guidelines:1364

• The answer [N/A] means that the paper does not include experiments.1365

• If the paper includes experiments, a [No] answer to this question will not be perceived1366

well by the reviewers: Making the paper reproducible is important, regardless of1367

whether the code and data are provided or not.1368

• If the contribution is a dataset and/or model, the authors should describe the steps taken1369

to make their results reproducible or verifiable.1370

• Depending on the contribution, reproducibility can be accomplished in various ways.1371

For example, if the contribution is a novel architecture, describing the architecture fully1372

might suffice, or if the contribution is a specific model and empirical evaluation, it may1373

be necessary to either make it possible for others to replicate the model with the same1374

dataset, or provide access to the model. In general. releasing code and data is often1375

one good way to accomplish this, but reproducibility can also be provided via detailed1376

instructions for how to replicate the results, access to a hosted model (e.g., in the case1377

of a large language model), releasing of a model checkpoint, or other means that are1378

appropriate to the research performed.1379

• While NeurIPS does not require releasing code, the conference does require all submis-1380

sions to provide some reasonable avenue for reproducibility, which may depend on the1381

nature of the contribution. For example1382

(a) If the contribution is primarily a new algorithm, the paper should make it clear how1383

to reproduce that algorithm.1384

(b) If the contribution is primarily a new model architecture, the paper should describe1385

the architecture clearly and fully.1386

(c) If the contribution is a new model (e.g., a large language model), then there should1387

either be a way to access this model for reproducing the results or a way to reproduce1388

the model (e.g., with an open-source dataset or instructions for how to construct1389

the dataset).1390

(d) We recognize that reproducibility may be tricky in some cases, in which case1391

authors are welcome to describe the particular way they provide for reproducibility.1392

In the case of closed-source models, it may be that access to the model is limited in1393

some way (e.g., to registered users), but it should be possible for other researchers1394

to have some path to reproducing or verifying the results.1395

5. Open access to data and code1396
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Question: Does the paper provide open access to the data and code, with sufficient instruc-1397

tions to faithfully reproduce the main experimental results, as described in supplemental1398

material?1399

Answer: [No]1400

Justification: The code is currently hosted in a non-anonymous repository. We have provided1401

detailed implementation details and hyperparameters in Section 5 and Appendix F to1402

facilitate reproduction, and we commit to releasing the complete codebase under an open-1403

source license upon publication.1404

Guidelines:1405

• The answer [N/A] means that paper does not include experiments requiring code.1406

• Please see the NeurIPS code and data submission guidelines (https://neurips.cc/1407

public/guides/CodeSubmissionPolicy) for more details.1408

• While we encourage the release of code and data, we understand that this might not1409

be possible, so [No] is an acceptable answer. Papers cannot be rejected simply for not1410

including code, unless this is central to the contribution (e.g., for a new open-source1411

benchmark).1412

• The instructions should contain the exact command and environment needed to run to1413

reproduce the results. See the NeurIPS code and data submission guidelines (https:1414

//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.1415

• The authors should provide instructions on data access and preparation, including how1416

to access the raw data, preprocessed data, intermediate data, and generated data, etc.1417

• The authors should provide scripts to reproduce all experimental results for the new1418

proposed method and baselines. If only a subset of experiments are reproducible, they1419

should state which ones are omitted from the script and why.1420

• At submission time, to preserve anonymity, the authors should release anonymized1421

versions (if applicable).1422

• Providing as much information as possible in supplemental material (appended to the1423

paper) is recommended, but including URLs to data and code is permitted.1424

6. Experimental setting/details1425

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-1426

rameters, how they were chosen, type of optimizer) necessary to understand the results?1427

Answer: [Yes]1428

Justification: Detailed in section 5 and appendix F1429

Guidelines:1430

• The answer [N/A] means that the paper does not include experiments.1431

• The experimental setting should be presented in the core of the paper to a level of detail1432

that is necessary to appreciate the results and make sense of them.1433

• The full details can be provided either with the code, in appendix, or as supplemental1434

material.1435

7. Experiment statistical significance1436

Question: Does the paper report error bars suitably and correctly defined or other appropriate1437

information about the statistical significance of the experiments?1438

Answer: [Yes]1439

Justification: We report performance metrics (Cell Acc, Seq. Acc, Auto. Acc) across1440

20k test samples to ensure statistical stability (Table 2) and specify exact sequence counts1441

for training and evaluation. We ablate key architectural components across multiple head1442

configurations to verify the consistency of the routing-decoding tradeoff (Table 3).1443

Guidelines:1444

• The answer [N/A] means that the paper does not include experiments.1445

• The authors should answer [Yes] if the results are accompanied by error bars, confidence1446

intervals, or statistical significance tests, at least for the experiments that support the1447

main claims of the paper.1448
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• The factors of variability that the error bars are capturing should be clearly stated (for1449

example, train/test split, initialization, random drawing of some parameter, or overall1450

run with given experimental conditions).1451

• The method for calculating the error bars should be explained (closed form formula,1452

call to a library function, bootstrap, etc.)1453

• The assumptions made should be given (e.g., Normally distributed errors).1454

• It should be clear whether the error bar is the standard deviation or the standard error1455

of the mean.1456

• It is OK to report 1-sigma error bars, but one should state it. The authors should1457

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis1458

of Normality of errors is not verified.1459

• For asymmetric distributions, the authors should be careful not to show in tables or1460

figures symmetric error bars that would yield results that are out of range (e.g., negative1461

error rates).1462

• If error bars are reported in tables or plots, the authors should explain in the text how1463

they were calculated and reference the corresponding figures or tables in the text.1464

8. Experiments compute resources1465

Question: For each experiment, does the paper provide sufficient information on the com-1466

puter resources (type of compute workers, memory, time of execution) needed to reproduce1467

the experiments?1468

Answer: [Yes]1469

Justification: Detailed in appendix F1470

Guidelines:1471

• The answer [N/A] means that the paper does not include experiments.1472

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,1473

or cloud provider, including relevant memory and storage.1474

• The paper should provide the amount of compute required for each of the individual1475

experimental runs as well as estimate the total compute.1476

• The paper should disclose whether the full research project required more compute1477

than the experiments reported in the paper (e.g., preliminary or failed experiments that1478

didn’t make it into the paper).1479

9. Code of ethics1480

Question: Does the research conducted in the paper conform, in every respect, with the1481

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?1482

Answer: [Yes]1483

Justification: Our theoretical paper is fully compliant with NeurIPS Code of Ethics.1484

Guidelines:1485

• The answer [N/A] means that the authors have not reviewed the NeurIPS Code of1486

Ethics.1487

• If the authors answer [No], they should explain the special circumstances that require a1488

deviation from the Code of Ethics.1489

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-1490

eration due to laws or regulations in their jurisdiction).1491

10. Broader impacts1492

Question: Does the paper discuss both potential positive societal impacts and negative1493

societal impacts of the work performed?1494

Answer: [N/A]1495

Justification: While future interpretability built on work could lead to broader societal1496

impact, our current contribution does not.1497

Guidelines:1498

• The answer [N/A] means that there is no societal impact of the work performed.1499
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• If the authors answer [N/A] or [No], they should explain why their work has no societal1500

impact or why the paper does not address societal impact.1501

• Examples of negative societal impacts include potential malicious or unintended uses1502

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations1503

(e.g., deployment of technologies that could make decisions that unfairly impact specific1504

groups), privacy considerations, and security considerations.1505

• The conference expects that many papers will be foundational research and not tied1506

to particular applications, let alone deployments. However, if there is a direct path to1507

any negative applications, the authors should point it out. For example, it is legitimate1508

to point out that an improvement in the quality of generative models could be used to1509

generate Deepfakes for disinformation. On the other hand, it is not needed to point out1510

that a generic algorithm for optimizing neural networks could enable people to train1511

models that generate Deepfakes faster.1512

• The authors should consider possible harms that could arise when the technology is1513

being used as intended and functioning correctly, harms that could arise when the1514

technology is being used as intended but gives incorrect results, and harms following1515

from (intentional or unintentional) misuse of the technology.1516

• If there are negative societal impacts, the authors could also discuss possible mitigation1517

strategies (e.g., gated release of models, providing defenses in addition to attacks,1518

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from1519

feedback over time, improving the efficiency and accessibility of ML).1520

11. Safeguards1521

Question: Does the paper describe safeguards that have been put in place for responsible1522

release of data or models that have a high risk for misuse (e.g., pre-trained language models,1523

image generators, or scraped datasets)?1524

Answer: [N/A]1525

Justification: Our work is purelly theoretical on a synthetic mathematical dataset.1526

Guidelines:1527

• The answer [N/A] means that the paper poses no such risks.1528

• Released models that have a high risk for misuse or dual-use should be released with1529

necessary safeguards to allow for controlled use of the model, for example by requiring1530

that users adhere to usage guidelines or restrictions to access the model or implementing1531

safety filters.1532

• Datasets that have been scraped from the Internet could pose safety risks. The authors1533

should describe how they avoided releasing unsafe images.1534

• We recognize that providing effective safeguards is challenging, and many papers do1535

not require this, but we encourage authors to take this into account and make a best1536

faith effort.1537

12. Licenses for existing assets1538

Question: Are the creators or original owners of assets (e.g., code, data, models), used in1539

the paper, properly credited and are the license and terms of use explicitly mentioned and1540

properly respected?1541

Answer: [N/A]1542

Justification: The paper does not use existing assets.1543

Guidelines:1544

• The answer [N/A] means that the paper does not use existing assets.1545

• The authors should cite the original paper that produced the code package or dataset.1546

• The authors should state which version of the asset is used and, if possible, include a1547

URL.1548

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.1549

• For scraped data from a particular source (e.g., website), the copyright and terms of1550

service of that source should be provided.1551

40



• If assets are released, the license, copyright information, and terms of use in the1552

package should be provided. For popular datasets, paperswithcode.com/datasets1553

has curated licenses for some datasets. Their licensing guide can help determine the1554

license of a dataset.1555

• For existing datasets that are re-packaged, both the original license and the license of1556

the derived asset (if it has changed) should be provided.1557

• If this information is not available online, the authors are encouraged to reach out to1558

the asset’s creators.1559

13. New assets1560

Question: Are new assets introduced in the paper well documented and is the documentation1561

provided alongside the assets?1562

Answer: [N/A]1563

Justification: The paper does not release new assets.1564

Guidelines:1565

• The answer [N/A] means that the paper does not release new assets.1566

• Researchers should communicate the details of the dataset/code/model as part of their1567

submissions via structured templates. This includes details about training, license,1568

limitations, etc.1569

• The paper should discuss whether and how consent was obtained from people whose1570

asset is used.1571

• At submission time, remember to anonymize your assets (if applicable). You can either1572

create an anonymized URL or include an anonymized zip file.1573

14. Crowdsourcing and research with human subjects1574

Question: For crowdsourcing experiments and research with human subjects, does the paper1575

include the full text of instructions given to participants and screenshots, if applicable, as1576

well as details about compensation (if any)?1577

Answer: [N/A]1578

Justification: Our work is purely theoretical1579

Guidelines:1580

• The answer [N/A] means that the paper does not involve crowdsourcing nor research1581

with human subjects.1582

• Including this information in the supplemental material is fine, but if the main contribu-1583

tion of the paper involves human subjects, then as much detail as possible should be1584

included in the main paper.1585

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,1586

or other labor should be paid at least the minimum wage in the country of the data1587

collector.1588

15. Institutional review board (IRB) approvals or equivalent for research with human1589

subjects1590

Question: Does the paper describe potential risks incurred by study participants, whether1591

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1592

approvals (or an equivalent approval/review based on the requirements of your country or1593

institution) were obtained?1594

Answer: [N/A]1595

Justification: Our work is purely theoretical1596

Guidelines:1597

• The answer [N/A] means that the paper does not involve crowdsourcing nor research1598

with human subjects.1599

• Depending on the country in which research is conducted, IRB approval (or equivalent)1600

may be required for any human subjects research. If you obtained IRB approval, you1601

should clearly state this in the paper.1602
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• We recognize that the procedures for this may vary significantly between institutions1603

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1604

guidelines for their institution.1605

• For initial submissions, do not include any information that would break anonymity (if1606

applicable), such as the institution conducting the review.1607

16. Declaration of LLM usage1608

Question: Does the paper describe the usage of LLMs if it is an important, original, or1609

non-standard component of the core methods in this research? Note that if the LLM is used1610

only for writing, editing, or formatting purposes and does not impact the core methodology,1611

scientific rigor, or originality of the research, declaration is not required.1612

Answer: [N/A]1613

Justification: Our work is in compliance with NeurIPS LLM policy.1614

Guidelines:1615

• The answer [N/A] means that the core method development in this research does not1616

involve LLMs as any important, original, or non-standard components.1617

• Please refer to our LLM policy in the NeurIPS handbook for what should or should not1618

be described.1619
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